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In the 1990s, Enochs et al. (1995) introduce the concept of Gorenstein injective modules. A module M is

said to be Gorenstein injective if there is an exact sequence

e —> ]-liloﬂllﬁ.”
of injective modules such that M = Ker 8 and for any injective module /, Hom(/,— ) leaves the exact sequence
above exact. Dually, the concept of Gorenstein projective modules is also introduced. Later, Enochs et al. (1998)
extend the concepts above to the category of complexes, introduce the notions of both Gorenstein injective
complexes and Gorenstein projective complexes.

As we know, in the category of complexes, the relationship between complexes and their terms is an
important research topic, and has attracted the attention of many scholars. For example, a complex C is DG-
injective if and only if C is a complex consisting of injective modules and Hom,(E, C) is exact for every exact
complex K according to Garcia Rozas(1999). A complex X is Gorenstein injective (resp. , Gorenstein projective)
if and only if each X, is a Gorenstein injective (resp., Gorenstein projective) module as shown in Yang et al.
(2011). A complex X is Ding injective if and only if each term X, is a Ding injective module over coherent rings
according to Yang et al. (2020). Recently, this was further developed in Gillespie et al. (2023), where it was
proved that the same results hold over any ring.

The notion of duality pairs is introduced by Holm et al. (2009). Since the duality pair is closely related to
the existence of purity, covers and envelopes, and cotorsion pairs, it plays an important role in homological
algebra. There are many duality pairs in the category of modules; see, for example, Bravo et al. (2018); Gillespie

(2019). In particular, the flat modules and injective modules form a duality pair. Furthermore, Yang(2011)
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extends the notion to the category of complexes, introduces the concept of a duality pair of complexes.
Recently, Gillespie(2019) introduce and study the concept of Gorenstein (£, A )-injective modules, where
(L, A)is a complete duality pair of modules. A module M is said to be Gorenstein (£, A )-injective if there is an

exact sequence

s S S
of injective modules such that M = Ker 8° and Hom,(A, ) remains exact for all A € A. It is well known that
extending the homological theory from the category of modules to the category of complexes is a very natural
and important subject in homological algebra. In this paper, we introduce and study the notion of Gorenstein
(X, Y )-injective complexes, where (X, ) ) is a duality pair of complexes.
As we know, a complex C is DG-injective if and only if C, is an injective module for each n € Z and

Hom,(E, C) is exact for every exact complex E.

1 Preliminaries

Throughout this article, R denotes an associative ring with unity. A complex C of left R-modules will be

denoted
9, 3y o
e > 0 Cy—™ C ™,

Unless stated otherwise, by the term "module" we always mean a left R-module and the term "complex" we

always mean a complex of left R-modules.

We will use superscripts to distinguish complexes. So if{C'},_, is a family of complexes, C* will be
D
> Co Ci— CL e
Given a complex C and an integer n, the nth suspension of C, denoted 3"C, is the complex given by
(3°C) =C,_,and §;“ =(-1)"§,_,. The nth cycle module is defined as Ker$, and is denoted by Z ,(C). The nth

k

boundary module is defined as Im 8, , , and is denoted by B,(C). For a module M, we denote the n-disk on M by

Ly
D'(M). This is the complex consisting only of M — M concentrated in degrees n and n — 1. We denote the n-

sphere on M by S"( M ), and this is the complex consisting of M in degree n and 0 elsewhere.

The category of complexes of left R-modules (resp. , right R-modules) is denoted by C(R) (resp. , C (R’)).
This category has enough projectives and injectives. This can be seen from the fact that any complex of the form

..HOHML]MH

with M projective (resp. , injective) is projective (resp. , injective).

Let C and D be complexes. We use Hom(C, D) to denote the abelian group of morphisms from C to D and
Ext’ for i > 0 will denote the groups we get from the right derived functor of Hom. Recall that Ext'(C, D) is the
group of equivalence classes of short exact sequences 0 — D — Z — C — 0. We let Ext} (C,D) be the

subgroup of Ext'(C, D) consisting of those short exact sequences which are split in each degree. We denote by

Hom,(C,D) the complex of abelian groups with Hom,(C,D) ZHHOHIR(C”DHH) and such that if

n
tel

/€ Hom,(C. D) then(s,,(f))m =8", f, —(=1)"f, . 85

Given two complexes C and D. Let Hom(C,D) = Z(HomR(C,D)). We then see that Hom (C, D) can be
made into a complex with Hom (C,D)" the abelian group of morphisms from C to 3D and with boundary
operator given by f € Hom(C, D)"; then S,n(f): C — 3""'D with 6,n(f)” =(-1)"8?,, f, for any n € Z. We note
that the new functor Hom (C, D) will have right derived functors whose values will be complexes. These values

should certainly be denoted Ext'(C, D). It is not hard to see that Ext'(C, D) is the complex
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- = Ext/(C,3"7'D) — Ext(C, 3"D) — Ext/(C,3""'D) — -
with boundary operator induced by the boundary operator of D. For a complex C, denote C* as Hom (C, Q/z )

The tensor product of a complex of right R-modules C and a complex of left R-modules D is the complex of

n

Z-modules € ® "D with(C ® D)" = © €, ® ;D, , and

(e ®d)=8(c) @ d+(-1)c ®8”_(y)
forceC,deD,_

I

= C®D
We define C&® D to be Q Then with the maps

B(C ® D)
(c®D)  (c®D)"
B(C®D) B*(CQ®D)
® D)
B'(C ® D)

For C a complex of left R-modules we have two functors — ® C:C,— C, and Hom (C,-):C— C,, where

x @y 8x) @y,

where x & v is used to denote the coset in , we get a complex.

Cy (resp. ;C) denotes the category of complexes of right R-modules (resp. left R-modules).

A morphism f: C — D of complexes is said to be null-homotopic if there exists a sequence h,:C, — D, .,
such that f, = 87, \h, + h, ,8¢ for all n € Z. The mappingcone of f: C — D is denoted as M ( f ) = D@3C, where
M(f)” =D,®C,_, and 8!)(dc)=(8"(d) +f,_(¢),~6°_,(c)). Let £ be a class of objects in an abelian
category @and L € £. A morphism f: D — L is called an L-preenvelope of D if Hom (L, L') — Hom(D, L") — 0
is exact for any L' € €.

Definition 1(Yang et al. ,2011) Let £ be a class of objects in an abelian category & We call X projectively
resolving if all projective objects are contained in % and for every short exact sequence 0 = X' — X — X" — 0
with X" e X, the conditions X' € ¥ and X € ¥ are equivalent. We call ¥ injectively resolving if all injective ob-
jects are contained in X and for every short exact sequence 0 — X' — X — X" — 0 with X' € %, the conditions
X"e Xand X € X are equivalent.

Definition 2(Holm et al. ,2009) A duality pair over R is a pair (A, B), where A is a class of left R-modules
and B is a class of right R-modules, subject to the following conditions:

(1) For a left R-module A, one has A € A if and only if Hom,(A,Q/Z) € B.

(2) Bis closed under direct summands and finite direct sums.

Definition 3(Yang,2011) A duality pair over R is a pair (X, ) ), where X is a class of complexes of left R-
modules and ) is a class of complexes of right R-modules, which are closed under isomorphisms, subject to the
following conditions:

(1) For any complex X, one has X € Xif and only if X" € ).

(2) YV is closed under direct summands and finite direct sums.

In the following, (A, B) will always denote a duality pair of modules, (X, ) ) will always denote a duality

pair of complexes.

2 Gorenstein injective complexes with respect to duality pairs

In this section, we will investigate the concept of Gorenstein injective complexes with respect to duality
pairs and give some equivalence characterizations of Gorenstein injective complexes with respect to duality pairs.
Definition 4 A complex M is said to be Gorenstein (X, ) )-injective if there exists an exact sequence of in-

jective complexes
! 1

Lo > S plp o



4 iRz (AR 9E30) XX &

such that

(i) M = Ker 8°

(ii) Hom (Y, T) remains exact for all Y € ).

A complex M is said to be Gorenstein (X, ) )-projective if there exists an exact sequence of projective
complexes

P...— p-lipﬂiplipz — e
such that

(iii) M = Ker &%

(iv) Hom (P, X ) remains exact for all X € X.

The class of Gorenstein (X, ) )-injective and the class of Gorenstein (X, ) )-projective complexes are
denoted by GZ,,,, (R) and GP, ., (R), respectively.

Every conclusion about Gorenstein (X, ) )-projective complexes is dual to a corresponding conclusion about
Gorenstein (X, ) )-injective complexes. Therefore, in the following, we will only discuss the case with respect to
Gorenstein (X, ) J-injective complexes.

Remark 1 (i) It is clear that every injective complex is Gorenstein (X, ) )-injective.

(ii) If

| TR o gy Y N RN
isa Hom(Y,—) exact exact sequence of complexes for all ¥ € ), then by symmetic, all the kernels, the images,
and the cokernels of I are Gorenstein (X, ) )-injective complexes.

Example 1 (i) A complex F is said to be of type FP,, if there exists an exact sequence of complexes

o> PPl > e > PP PP F (),
where each P' is finitely generated projective for every 0 <i <+ . We call a complex A absolutely clean if
Ext'(F,A) = 0 for all complexes F of type FP,. On the other hand, we call a complex L level if Tor,(F,L) =0
for all complexes F of type FP,, of right R-modules in Bravo et al. (2017).

Let £ denote the class of all level complexes, and AC denote the class of all absolutely clean complexes,
then (£, AC) is a duality pair (Gillespie, 2017). Thus, Gorenstein (£, AC )-injective complexes are coincide with
Gorenstein AC-injective complexes in Yang et al. (2020), Gorenstein ( £, AC )-projective complexes are coincide
with Gorenstein AC-projective complexes in Gillespie(2018).

(i1) The notations Z and F are used to denote the class of injective complexes and the class of flat complexes,
respectively. We notice that (JF,Z) is a duality pair. Thus, Gorenstein (., Z )-injective complexes are coincide
with Gorenstein injective complexes in Enochs et al. (1998). Gorenstein (F,Z )-projective complexes are
coincide with Ding projective complexes in Gillespie (2017). If R is a perfect ring, Gorenstein ( F, Z )-projective
complexes are coincide with Gorenstein projective complexes in Enochs et al. (1998).

(iii) Let n be a nonnegative integer, a complex F is said to be of type FP, if there exists an exact sequence of

finitely generated projective complexes

Pr— P> e > Pl PY o F (),
A complex [ is said to be FP,-injective if Ext'(L, ) = 0 for all complexes L of type FP,. A complex F of right R-
modules is said to be FP,-flat if Tor,(F, L) = 0 for all complexes L of type FP, (Zhao et al. ,2019).
Let FPF, denote the class of all FP, -flat complexes, and FPZ, denote the class of FP, -injective complexes.
If R is a coherent ring, then (fP]—"l, fPI]) is a duality pair (Bravo et al. ,2017; Zhao et al. ,2019). Thus,
Gorenstein (FPF,, FPL, -injective complexes are coincide with Ding injective complexes in Gillespie(2017).
Ifn > 2,(FPF,,  FPI,) is a duality pair. The Gorenstein ( FPF,

n° n°

FPT, )-injective complexes is particularly

called Gorenstein FP,-injective complexes. The Gorenstein (FPF,, FPZ, )-projective complexes is particularly

no
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called Gorenstein FP -projective complexes.

(iv) A complex / is said to be DG-injective if / is a complex consisting of injective modules and if Hom ( £,/)
is exact whenever F is exact. A complex F is said to be DG-flat if F is a complex consisting of flat modules and if
for every exact complex E of right R-modules, £ & F is exact (Garcia Rozas,1999).

Let DF denote the class of all DG-flat complexes, and DZ denote the class of DG-injective complexes. Then
(DF,DI) is a duality pair (Yang,2011). The Gorenstein (D.F, DI )-injective complexes is particularly called
Gorenstein DG-injective complexes. The Gorenstein (D.F, DI )-projective complexes is particularly called
Gorenstein DG-projective complexes

(v) Consider for each integer n = 0 the following complex class:

F,={F e C(R)| fdF <n}, 7,={lcC(R)|idI<nl,
where fd denotes the flat dimension, and id denotes the injective dimension. (.7-'”, 7 ) is a duality pair(Yang,2011).
The Gorenstein (J’:", A )—injective complexes is particularly called Gorenstein FI/ -injective complexes. The
Gorenstein (F,, Z )-projective complexes is particularly called Gorenstein F/,-projective complexes.

Recall that an exact sequence X: -+ — X, — X, = M — 0 in C(R) with each X, € X is said to be an X
resolution of M. An X coresolution of M is defined dually. An exact sequence in C(R) is called Hom()),- ) exact
if it remains still exact after applying the functor Hom (Y,- ) forall Y € ).

Proposition 1 Let M be a complex. The following are equivalent:

(i) M is Gorenstein (X, ) )-injective.

(i) Ext” (Y, M) = 0 for all Y € Y and M admits a Hom (), ) exact injective resolution.

(iii) There exists an exact sequence 0 — K — I — M — O where / € Zand K € GZ , ,(R).
Proof (i) = (ii) Let M be a Gorenstein (X, ) )-injective complex. By definition 4, there exists an exact se-

quence of complexes

[T "> M0,
where I' is an injective complex for each i < 0, and which remains exact after applying Hom (Y,- ) for any ¥ € ).

Obviously, M admits an injective coresolution 0 — M — [' — I* — -+, Let K' = Ker(I' = I'"'),i > 1.
By the definition of Gorenstein (X, ) )-injective complexes, K' is a Gorenstein (X, ) )-injective complex.
Applying Hom (Y,- ) for any ¥ € ) to the exact sequence of complexes

0—>M—1I'>K —0,
we have Ext'(Y,M)=0 and Ext'*'(Y,M) = Ext/(Y,K*),i > 1. In a similar way, applying Hom(Y,-) for any
Y e ) to the exact sequence of complexes 0 — K' — I' > K'*' — 0, we get Ext'"'(YV,K') = Ext'(V,K'*"),
i > 1. Hence Ext'(Y,M)=0,i> 1.

(ii) = (i) It is evident that M admits an injective coresolution 0 — M — ' — > — ---. Let K' =
Ker(I' — I'*"),i > 1. Since Ext"'(Y,M)=0,0 — M — [' — K> — 0 remains exact after applying Hom (Y¥,-)
for Ye ) and Ext”'(Y,K?)=0. Since Ext”'(Y,K*)=0, 0 — K> — I* = K* — 0 also remains exact after
applying Hom(Y,-) for Y e ) and Ext’ '(Y, K*) = (0. By repeating the preceding process, we get M is a
Gorenstein (X, ) )-injective complex.

(i) = (iii) This follows directly from the definition of Gorenstein (X, ) }-injective complexes.

(iii) = (ii) The equivalence of (i) and (ii) implies that K is Gorenstein (X, ) }-injective, Ext”'(Y, K) = 0, and
K admits a Hom(y,— ) exact injective resolution

o[> "> K—0. (1)
Note that there exists a long exact sequence
o — Ext(Y, 1) — Ext(Y, M) — Ext*'(Y,K) — -+,
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we get Ext”'(Y,M)=0. Assembling (1) with 0 = K —1— M — 0, we get a Hom(),—) exact injective
resolution +++ — ["' — [° — [ — M — 0, as desired. ]

Definition 5 Let (A, B) be a duality pair of modules such that B is closed under extensions, M a complex.

(i) M is said to be an A complex if it is exact and Z,(M ) € A for all n.

(ii) M is said to be a B complex if it is exact and Z,(M ) e B for all n.

We denote the class of .4 complexes by A. Similarly, the B complexes are denoted by B.

Lemma 1 Let(.A, B)be a duality pair of modules such that B is closed under extensions. Then (Jl, B ) isa
duality pair of complexes.

Proof Let M be an A complex. Then M is exact and Z,(M) € A for all n. By Lemma 2. 2(Yang et al. ,
2014), we get

Z.(M*) = Hom,(M_,/B_,(M), Q/Z) = (M_,/B_(M)) = (M_,/Kers_,) = (Im5.,)

Since Im4&_, = Kerd,_, =7, ,(M)e A, we get Z,(M*)e B. Note that, M* is exact. Therefore, M* is a B

+

-n-1
complex.
Let M* be a B complex. Then M* is exact and Z,,(M*) e B for all n. By Lemma 2. 2(Yang et al. ,2014), we

get

+

(M), Q/Z) = (M_,/B.,(M))" = (Kers_,_,) =(Z.,_,(M))".
Note that (Z_, - l(M))+ eB,andso Z_,_ ,(M)) e A. On the other hand, we see that M is exact. Thus, M is a A

Z.(M*) = Hom,(M_,/B

complex.

In the following, we will show that B is closed under direct summands and finite direct sums. Let A, B, and
C be complexes, and ADB = C € B. Obviously, A®B is exact and Z.(A@®B) e B for all n. This implies
Z(A®B)=7,(A)®Z,(B) e B. Since B is closed under direct summands, we have Z (A) € B and Z,(B) € B.
Thus, A and B are both B complexes. Similarly, it can be shown that B is closed under finite direct sums. ]

When investigating a complex G, it is natural to consider the relationship between the complex G and its
terms G, for all n € Z. Here, we obtain the following result for Gorenstein (X, ) )-injective complexes.

Theorem 1 Let (A, B) be a duality pair of modules. Then a complex G is Gorenstein (.;l, B)—injective if

and only if G, is a Gorenstein (.A, B)-injective module for each n € Z and Hom,(B, G) is exact for any B € B,

where (Jl, B ) is a duality pair of complexes which is induced by (A, B).

Proof “ = " Let G be a Gorenstein (;1, B )-injective complex. Then there exists an exact sequence of in-

jective complexes

B A L N A S
with G = Ker([ A ) which remains exact after applying Hom ( B,— ) for any complex B € B.
We first show that each G, is a Gorenstein (.A,3 )-injective module. Of course we have the exact complex of
injective modules

() = (1), = (1), = (),

n n n n

with G, = Ker((]”)” — (I‘)n ) So it is left to show that this remains exact after applying Hom,(C,-) for all
CeB. Note that D'(C) is a B complex for any module C e B. Using the standard adjunction
Hom (D"(C), G) = Hom,(C, G,) (Gillespie,2004), we see that the sequence

= Homy(C, (I'") ) = Hom,(C. (1°) )= Hom,(C. (I') ) = Hom,{C. (1*) ) = -

is exact. We conclude that G, is Gorenstein (A, B )-injective.

Next we will show that the complex Hom(B, G) is exact for any B B. Since G is Gorenstein (;l, B)—
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injective it follows from the definition that Ext'(B,G)=0. This implies Ext} (B,G)=0. Note that
H,,(HomR(B,G))EExtfl,(,(B,E’"”G) for any BeB (Gillespie, 2004). But it is easy to see
Ext),(B,3""'G) = Ext,(3"*'B,G). Since 3"*'Be B, and so H,(Hom(B,G))=Ext}(3""'B,G)=0 for

dw dw dw

alln € Z.

“

& ” Now suppose each G, is a Gorenstein (A, B)-injective module and Hom,(B, G) is exact for any

B e B. Next, we will prove that G is a Gorenstein (.Zl, B)—injective complex. We start by using that C(R) has

enough injectives, and write a short exact sequence 0 — Gi I° — C — 0 where I° is an injective complex.
Since the class of Gorenstein (A, B)-injective modules is injectively resolving by Gillespie (2019) Lemma 4. 5,
we see that each C, is also Gorenstein (A, B)-injective. We claim that C also satisfies that Hom (B, C) is exact
for any B e B. Indeed for any choice of integers n, k and a complex B € B, we have Ext;(Bk, GM,) = 0 since

B, € Band G, is Gorenstein (\A, B)-injective. Then there exists an exact sequence

0 — Homy(B,.G,.,) — HomR(B,f, (1) )—» Homy(B,. C,.,) = 0.

k+n

This implies
0 — [THom,(B,. G,..,) = [[Hom(B., (1), ) = [[Hom(B,. C,..) — 0
kel kel

ie
is also exact. Hence 0 — Hom,(B, G) — Hom,(B,1°) — Hom,(B, C) — 0 is an exact sequence of complexes.
Since Hom,( B, G) and Hom,(B,1°) are exact, it follows that Hom,(B, C) is also exact. Since C has the same
properties as G, we may inductively obtain an injective coresolution

0 CHS et
where each (K') =(Kerd') (i>0) is a Gorenstein (A, B)-injective module and which satisfies that

HomR(B, Ki) is exact for any complex B € B. This coresolution must remain exact after applying Hom ( B,— ) for

any complex B € B because Ext'(B,K') = Ext},(B,K') = H_,(Hom,(B,K') ) = 0 (Gillespie, 2004).

dw

Note that there is an obvious (degreewise spilt) short exact sequence
(1.8) (5.1)
0—3'6— EBZD”(G")—> G—0.
Now each G, is Gorenstein (A, B)-injective. So we certainly can find a short exact sequence

a B
0 — F,— L,— G, — 0 where L, is injective and F, is also Gorenstein (.A, B)-injective. This gives us another

short exact sequence

D 0(a,) @ (s,)
0— & D(F,)—> & D(L)— EBZD"(G,,) — 0.

nel nel

Notice that @ D'(L,) = HD”(Ln) is an injective complex and we will denote it by /™'. Furthermore, let ¢:

nel
nel

I'' — G be the composite

d+1

@ vis)
® p(L,)—— @ D'(G,) —~G.
nel nel
Then ¢ is an epimorphism since it is the composite of two epimorphisms. Moreover, setting K° = Ker ¢, thus we
have the following commutative graph:

0—> @ D'(F,)—>I"'—> @ D'(G,)—>0

nel nel

! L

!

0 0 G G 0
!
0

“«—

!
0 0
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It follows from the Snake Lemma that K° sits in the short exact sequence
0— @ D(F,)— K'— 3"'G— 0.

nel

Hence (KO)” is a Gorenstein (A, B)-injective module. Because of this, the short exact sequence
0—K°—I"'— G— 0isHom,( B,~ Jexactforany B € B. Then0— Hom,(B, K*)— Hom,(B, I"')— Hom,(B, G)—0
is exact. And also Hom,(B, K°) must be exact since Hom,(B, /") and Hom,(B, G) are exact. Since K° has the
same properties as &, we may continue inductively to obtain the desired resolution
S Y S Ay}
Finally, we paste the resolution together with
0— Gi»](’i[lﬂl [24...
by setting d”' = 6¢ and we are done. ]
Remark 2 (i) Let £ denote the class of all level modules, and AC denote the class of all absolutely clean

modules, then (£, AC) is a duality pair of modules, and (E, :Ié) is a duality pair of complexes by Lemma 1.

Thus, Gorenstein (2, AC )—injective complexes are exactly Gorenstein AC-injective.
(ii) Let F denote the class of all flat modules, and Z denote the class of all injective modules, then (F, Z) is a
duality pair of modules, and (j-', ij is a duality pair of complexes by Lemma 1. Thus, Gorenstein (.7-", i)-injective

complexes are exactly Gorenstein injective.
(iii) Let FPF, denote the class of all FP -flat modules, and FPZ, denote the class of all FP, -injective

modules. If R is a coherent ring, (FPF,, FPZ, ) is a duality pair of modules, then (f’P\}{l , NfPII ) is a duality pair

of complexes by Lemma 1. Thus, Gorenstein (J’PPN}"I, f’P\I: )—injective complexes are exactly Ding injective.
(iv) Let FPF, denote the class of all FP -flat modules, and FPZ, denote the class of all FP, -injective
modules. If n > 2, (FPF,. FPL,) is a duality pair of modules, then (FPZF,. FPL, ) is a duality pair of

no

complexes by Lemma 1 and Bravo et al. (2017); Zhao et al. (2019). Thus, Gorenstein (frﬁ: , fNPI,L )-injective

complexes are exactly Gorenstein F'P,-injective.

Then the following result can be obtained by Theorem 1.

Corollary 1(Bravo et al. ,2016) A complex G is Gorenstein AC-injective if and only if G, is a Gorenstein
AC-injective module for each n € Z and Hom,( B, G) is exact for any absolutely clean complex B.

Corollary 2 Let G be a complex. Then the following conditions are equivalent:

(i) G is a Gorenstein injective complex.

(ii) G, is a Gorenstein injective module for each n € Z and Hom,( B, G) is exact for any injective complex B.

(iii) G, is a Gorenstein injective module for each n € Z.

Proof (i) & (ii) It follows from Theorem 1.

(i1) = (iii) Obviously.

(iii)) = (ii) Note that any injective complex is the direct product (sum) of complexes

3"D(B): «+ —>0—>B—>B—>0— -

with B an injective module. Let 0 — 3™ 'G — X — 3"D(B) be an extension in C(R), and we consider the

following commutative diagram:
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! !
O0——6G, .15 Xoia 0
Lo, Lo, !
J— s
0——G,1nio —>X,,,——B 0
Lo b oan, !
- S
0—G,...\ — X, B 0
Lot s !
0 X 0

m+n m—1

! !

Since f,,,,: X, ., — B splits, there exists h,,, ,: B — X, such thatf, , h,,, =1. Wedefineh,:B — X, ash,
8. \h, ., and h, = 0 fori # m,m + 1. In this way, we obtain a map of complexes h: 3" D(B) — X such that fh
1. So the sequence 0 — 3 ~'G — X — 3" D(B) splits, and hence Ext'(3"D(B),3"'G) = 0.

Since
H,Hom(1, G) = Ext), (1,3 '6) = Ext'(1, 3" 'G) = Ext'| [[ 3" D(B). 3" 'C
mel
= [[Ext'(3"D(B),3""'G) =0,
melZ
Hom,( 1, G ) is exact for any injective complex /. L]

Corollary 3 A complex G is Gorenstein FP, -injective if and only if G, is a Gorenstein FP,-injective mod-

ule for each n e Z and Hom (B, G) is exact for any FP,-injective complex B.
Corollary 4 Let G be a complex. Then G is Gorenstein (.;l, f)’)—injective if and only if each G, is a Goren-

stein (\A, B)-injective module for all n € Z and any morphism f: B — G is null homotopic whenever B € B.

Proof “ =" By Theorem I, we need only to show that f: B — G is null homotopic for all B € B.
Since Hom,(B,G) is exact for all Be B, it follows from Lemma 2.1(Yang et al., 2018) that
Hom, (B, G) = H,(Hom,(3B,G)) = 0. Thereforef: B — G is null homotopic whenever B e B.

“ ”

& 7 Since 3"B is still a B complex whenever B B, it follows from Lemma 2. I(Yang et al. ,2018) that
Hom,( B,G) is exact. O
Proposition 2 Let G be an exact complex bounded below. Suppose that Z,(G) is a Gorenstein (4,8 )-injec-

tive module for each n € Z. Then G is Gorenstein (]l, B )—injective.

Proof Since the class of Gorenstein (A, B)-injective modules is injectively resolving, each G, is a Goren-
stein (A, B)-injective module for all n € Z. Therefore, by Corollary 4, we need only to show any morphism f:

B — G is null homotopic whenever B € B.
We set

B

s B . 5
Ny

Gi=- — G G G0 e

n+3 -n+2 ’

where n is a fixed integer. Let B € B. In the following, we will show that any morphism f: B — G is null
homotopic.

Consider the following commutative diagram:
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O—ny3 O_ny2 O_ni1 0_,
= = Bfn+3 > BfnJrZ > Bflhtl Bfn B,,,,l
E_ny2 7 eny1 7 e_n 7 0 «
8—n+3 - 8—n+2 - 8—n+1 -7 &—n C—n—1
4~ z ~ 7] I—/ 4~ %
S —n+3 S—_n42 S —n+41 S—n
° > G7n+3 = G7n+2 = G7n+1 —n 0]

with &, = 0 for all £ <-n — 1. Then we need to show that there exists a homomorphism ¢,: B, — G, , such that
g =&,.,0,+6,, ¢ forallk =-n.

LetZ ,,(G)=Kers,,,,j> 1. Then the sequence
0——>7.,.,(6)=>¢

remains exact after applying HomR(B,",— ) This implies
0 — Homy(B_,,Z_,.,(G)) — Hom(B_,, G_,.,) — Hom,(B

-n+ 1 -n

-n? -n?

G.,)—0

is exact. Thus there exists a homomorphism ¢_, € HomR(B,n, G.,. 1) suchthatg_ =6_,, ,&_,.
Since
8 oi(gor = €0.,) =0, g =860, =88, ~&.0.,., =0,
Im(g_,, -0, 1) C Kerd.,, . There exists h_,,, € Hom,(B.,.,,Z_,.,(G))such that the following diagram

Bfnﬁ»i

honyr _ =

# B—nt+1—€—nb—ny1
-

S =
H—n+1 S —n+1
an+1 (G) — G7n+1 —=G_,

commutes. That is, we have the equality g_,,, —€_.,0_,,, = t_, . 1 h_, .-
On the other hand, we see that the sequence
0—>7.,.,(6)—5C., . ,—>7
remains exact after applying HomR(B," i1s— ) This implies
0 — Hom,(B_,,,Z.,.,(G)) = Homy(B., ., G_,.,) = Hom\(B_,.,Z.,.,(G)) = 0

is exact. Thus there also exists a homomorphisme_,, , € HomR(B," c16o 2) such that the following diagram

(G)—/>0

-n+1

Bfn+1

Enel ™
- hnt1
~

TT—n 42

~
Gonis ~2E 7 111(G) — 0

commutes. That is, we have the equality h_,,, = 7_,,,&_,, .

Thusg_, ., -€.,0 ., =p, ., 7, .,&_,., Notethatu_, ., 7_,,,=0_.andsog_ ., =¢_0 +6,.,8 .1

il A

Hence, we may continue inductively to obtain that g, =¢,_,6, +9,,,&,, where ¢,: B, = G,,, for any
k = -n. Therefore f: B — G is null homotopic. ]

Lemma 2 Let X' be a class of complexes which is either projectively resolving, or injectively resolving. If
X is cloesd under countable direct sums, or closed under countable direct products, then X is also closed under di-
rect summands.

Proof Assume that Y is a direct summand of X € X. We wish to show that Y € X. Write X = Y®Z for
some complex Z. If X'is closed under countable direct sums, then we define W = YOZDYDZD--- (direct sum),
and note that W = X®X®--- € X. If X' is closed under countable direct products, then we put W =Y X Z X ¥ X
Z X «-+(direct product), and note that W = X X X X --- € X. In either case we have W = Y@ W, so in particular
the sum Y@W belongs to X. If X is projectively resolving, then we consider the split exact sequence
0—>Y—>Y®OW— W— 0, and if X is injectively resolving, then we consider 0 > W — WBY — ¥ — 0. In
either case we conclude that Y € X O

Proposition 3 Let 0 > M'— M — M" — 0 be a short exact sequence of complexes. Then the following
hold:

(i) The class of all Gorenstein (X, ) J-injective complexes is injectively resolving.
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(ii) The class of all Gorenstein (X, ) )-injective complexes is closed under products and direct summands,

respectively.

(iii) If M, M" € GT, ,,(R) and Ext'(1, M") = 0 for any injective complex /, then M" € GZ,, ,(R).

Proof (i)Let M’ and M"be Gorenstein (X, ) )-injective complexes. Then

Ext™'(Y,M") = Ext’'(Y,M") = O for Y € ).
Note that there exists a long exact sequence
e — Ext(Y, M") — Ext'(Y, M) — Ext/(Y, M") — -+

we get Ext™'(Y, M) = 0. By Proposition 1(ii) and Lemma 8. 2. 1(Enochs et al. ,2000), we get M QI(M.)(R).

Suppose 0 — M’ — M — M” — 0 is an exact sequence of complexes with M’ and M Gorenstein (X, ) )-
injective complexes. We need only to show that M” is a Gorenstein (X, ) )-injective complex. Since
Medl, J,)(1’%), there exists a short exact sequence 0 — K — I — M — 0, where [ is injective and K is

Gorenstein (X, ) J-injective. Then we have the pullback diagram:

0 0
! !
K=——
! !

0—>U 1 M"—>0
! ! |

0—> M'—>M —> M'—>0
! !
0 0

Note that K and M’ are both Gorenstein (X, ) )-injective. Then U is Gorenstein (X, ) )-injective. Thus M" is
Gorenstein (X, ) )-injective by Proposition 1.
(ii) Since the class of injective complexes is closed under direct products, we have Gorenstein (X, ) )-

injective complex is closed under product. Note that Gorenstein (X, ) J-injective complex is closed under direct

summands by (1) and Lemma 2.
(iii) Since M"e GZ,, ,(R), there exists an exact sequence of complexes 0 — K — I — M"— 0 with

IeT,KeGT,,(R). Consider the following pullback diagram:

0 0
! !
K=—=K
! !
00— M’ >U 1 0
|| Lo
0 M’ M M" 0
! !
0 0
Note that M and K are Gorenstein (X, ) )-injective, and so U is Gorenstein (X, ) )-injective by (i). Since
Ext'(1,M') = 0, the middle row split. Therefore, M’ is Gorenstein (X, ) J-injective by (ii). ]

s
Proposition 4 Consider a short exact sequence of complexes 0 > M — A — N — 0, where A € Z,
N e GZ,,(R). Then, for any homomorphism f':M — A, Cokera € GZ ., (R), where A'e Z, a = (LS
M — ADA".

Proof Let f':M— A" with A"eZ. Consider the short exact sequence of complexes
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0— M—> A®A — Cokera — 0. By diagram-chasing, there exists a homomorphism w: Cokera — N that

makes the following diagram commute:

o

0 M ADA Cokera——0
|| | I a
0 M A >N >0

where m: A@A" — A is a classical projection. Applying the Snake Lemma yields that u is an epimorphism and
Kerp = Ker7 = A" € 7. Furthermore, by Proposition 3, it follows that Cokera € G7,, y)(R) in the exact sequence
0 — Keru — Cokera — N — 0. ]
Lemma 3 A complex M has a Hom()),— ) exact injective resolution if and only if it has a Hom ()),— ) exact
GZ, ., (R) resolution.
Proof “ = " Clearly.

= Let 0 >K—G"—>M—0 be a Hom(),—) exact exact sequence of complexes with

G’ e GI,,,(R) and K having a Hom(),~-) exact GZ,, ,(R) resolution. Then we have the following pullback

diagram:

0 0
! !
G'=—=C'
! !

0 > H > 1 M 0
Lo ||

0 K G’ M 0
! !
0 0

withI'e Z,G' e QI( X’y)(R). Since the bottom row and the middle column are Hom(y,—) exact, so is the middle

row by Snake Lemma. Note that there is an Hom(),-) exact exact sequence of complexes
0— K'— G'— K— 0 such that K' has a Hom(),-) exact GZ, (R) resolution and G'e GZ,,(R).
Consider the following pullback diagram:

0 0
! !
K=—K
! !
0—> M’ U I 0
I ! !
0—>M'——> M ——> M"—>0
! !
0 0

Since GZ,,,,(R) is closed under extensions, L e GZ ., (R). Therefore, H has a Hom(Y,-) exact GZ,,(R)

resolution. Note that 0 — H — I' — M — 0 is Hom()),— ) exact. Continuing the process above, we can get that

M has a Hom ()),— ) exact injective resolution. ]
Dually, we can prove the following lemma.

Lemma 4 A complex M has a Hom(),- ) exact injective coresolution if and only if it has a Hom()),— ) ex-
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act GZ,, ,,(R) coresolution.
Definition 6 Let QI(Z)C y)(R) denote the class of complexes M for which there exists an exact sequence of

Gorenstein (X, ) J-injective complexes
S B A NN AT SING- SR
such that M = Ker(G° — G'), and such that Hom (Y, - ) leaves the sequence exact for all Y € ).
It is obvious that gz(w,(R) - QI(‘Z,“,)(R). As a consequence of Lemma 3 and Lemma 4, we have the

following result.
Theorem 2 QI(M)(R) = gz(?x,y)(R)'

3 Gorenstein (X, Y )-injective dimension

In this section we give a detailed treatment for Gorenstein (X, ) )-injective dimension of complexes.
Definition 7 Let D be a class of complexes. The D injective dimension of a complex M is defined to be

the infimum of integers n such that there exists an exact sequence
0—>M—>D"—>D"— .- —>D"—0

with all D' € D, and we write D-id (M) < n. If no such finite sequence exists, define D-id (M) =+,

In particular, we use GZ,, ,(R)-id(M) to denote the Gorenstein (X, ) )-injective dimension of M when D =
Gy (R).

Proposition 5 Let M be a Gorenstein (X, ) -injective complex. Then for any complex L with finite ) in-
jective dimension,

Ext”'(L,M)=0.

Proof Assume that L is a complex and Y-id(L) = n, 1 < n <+. Then there exists an exact sequence of

complexes
0 LYoy sy Sy oo,
where each Y' € ). By dimension shifting, we get
Ext(L, M) = Ext'"'(Kerd',M) = --- = Ext ""(Y", M), i > 1.

Note that Ext'*"(Y", M) = 0, and so Ext'(L, M) = 0,i > 1. O

Corollary 5 Consider an exact sequence 0 —> M — G° — --- — G"~' — K" — 0 where G°,---,G" ' are
Gorenstein (X, ) J-injective complexes. Then
Ext'*"(L,M) = Ext'(L,K")
for all complexes L with finite ) injective dimension, and all € N.
Proof It is easily seen by Proposition 5 and dimension shifting. ]
Theorem 3 Assume that M is a complex, and GZ,, ,,(R)-id(M) = n <+o. Then there are exact sequences
0—M—>G—1—0, 0—>G6G—>1I'"—>M—Q0,
such that G, G' € GZ ,,(R),id(I') < n,id(I)<n - 1.
Proof We proceed by induction on n > 0. If n = 0, then M is a Gorenstein (X, ) )-injective complex. By
Proposition 1(iii), we have the following two exact sequences of complexes:
0—>M—>M—0—0, 0—>6G—1I'—>M—0,
where I' € Z, 6" € GZ, ., (R). If GZ,, ,,(R)-id(M) = n > 0, then there exists an exact sequence
0—>M—>G6"—>G — - — G —0,
such that each G' € GZ,, ,(R). Assume that K' = Im(G° — G'). Then there exist exact sequences of the form:
0—>M—G"— K —0, 0—>K' —G — - — G —0.
Therefore, 07, y)(R)-id(K ‘) <n - 1. By the induction hypothesis, there exists an exact sequence
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0

!
GH

!

0— 6"— 11— K'— Osuchthatid(/)<n - 1,6"e GZ,,(R). Consider the following pullback diagram:
1

0 /M /GO 7

!
0

G e I, ;cy)(R) by Proposition 3(i). Obviously, we also have the following exact sequence

0
!

&

!

0—> M >G I

I ! !

K

!

0

06 —1"> 60,
where I" € Z, G' € GZ,, ,,(R). Consider the following pullback diagram:

0 0
! !
G'==C'
! !
0 I I" 1 >0
- I
0 >M G >1 >0
! !
0 0 .
From the exactness in the middle row of the above diagram, it follows that id(I') <n. Therefore,
0—>M—>G—1—0and0 — G — I' > M — 0 are obtained. ]

Proposition 6 Let 0 > M — G°— G'— K—0 be an exact sequence of complexes. If

G’,G' e GI, ,(R), then there are exact sequences
0—>M—G—1—K—0, 0—>M—1— G —K—0,
suchthat7,I'e 7,6, G' € GI,, , (R).
Proof Since G' € GZ,, ,(R), there exists an exact sequence of complexes 0 — > — I — G' — 0, with

1€T,G e T, (R). Assume that [ = Im(G® — G'). Consider the following pullback diagram:

0 0
Lo
=0
! l
0—>U I K—>0
! ! ||
0——1 G' K—0
Lol
0 0

and pullback diagram:
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0

0
! !
G*—¢"
! !
U
!
L
!

0—> M ——G
|| .

0 M G’

!
0 0

Since G°, G’ e g7, Xﬁy)(R ), it follows from Proposition 3(i) that G e g1, Xﬁy)(R ). Therefore, the desired exact

>0

sequence 0 > M — G — [ — K — 0 is obtained from the short exact sequence 0 > M — G — U — 0 and
0—>U—1—>K—0,whereleZGe GZ,,(R)

Similarly, there exists an exact sequence 0 = M — I’ — G’ — K — Osuch that/' e 7,6 € 67, , (R). [

Theorem 4 Let M be a complex with finite Gorenstein (X, ) }-injective dimension and n a non-negative in-
teger. Then the following conditions are equivalent:

(1) GZ oy (R)id (M) < n.

(ii) Ext™"(L,M) = 0, and all complexes L with finite ) injective dimension.

(iii) Ext*"(Y,M ) = 0, and all complexes Y € ).

(iv) For every exact sequence of complexes

0—>M—>G — - —> G '—>K —0,
where G' € GZ . ,(R).Z € Y, then also K" € GZ,, ,,(R).

(v) For every non-negative integer ¢ such that 0 < ¢ < n, there exists an exact sequence of complexes

0>M—C"— - —>C— - —>(C—0,
such that C' € GZ ., (R), C' € T (i #1).
(vi) For every non-negative integer ¢ such that 0 < ¢ < n, there exists an exact sequence of complexes
0>M—C"— - —>C— - —>(C—0,
such that C' € Z, C' € GZ ., (R)(i # 1).
(vii) For every non-negative integer ¢ such that 1 < ¢ < n, there exists an exact sequence of complexes
0>M—C"— - —>C— - —>(C—0,
such that €' € GZ,, ,(R)(0<i<t),CeI(t<j<n)
(viii) For every non-negative integer ¢ such that 1 < ¢ < n, there exists an exact sequence of complexes
0—>M—C"— - —>C— - —>(C"—0,
such that C'e Z(0 <i<t),C e GZ,  (R)(t<j<n)

Proof (i) = (ii)) We assume that GZ, ,(R)-id(M)<n. By definition there is an exact sequence
0—>M—G"— ++— G"' — G"— 0 where G°,.. . ,G" are Gorenstein (X, ) )-injective complexes. By Propo-
sition 5, we get Ext'(L, Gi) = 0 for all complexes I with finite ) injective dimension. By Corollary 5, we have
Ext*"(L,M) = Ext(L,G") = 0, € N, and consequently Ext”"(Z, M) = 0.

(i) = (iii) Obviously.

(ii1) = (iv) We consider an exact sequence

0—>M—>G6"— - —> G '—>K —0,
where G°,-++,G" " are Gorenstein (X, ) -injective complexes. Applying Corollary 5 to this sequence, and using

the assumption, we get that Extj(Y, K) = Ext*"(Y,M) =0 for every Y € ), and every j € N. Since QI(IW)(R)-
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id(M) < +eo, gI(A:y)(R)—id(K") <+, Then there exists an exact sequence

0= K" —> H" —> «oo = H"" ' > H" — 0,
where H°.--,H" are Gorenstein (X,) )-injective complexes. Assume that C'= Ker(Hf — H! ),
j=0,1,>-;m — 1. By Corollary 5, we get Ext'(Y,C’) = Ext'*'(Y,K")=0. By Proposition 3(iii), we have
C' e GI,,,(R). Inparticular, K" = C° € GZ ,,(R).

(iv) = (i) and (v) = (i) is obviously.

(i) = (v) We proceed by induction on n. Suppose GZ,(R)-id(M)< 1. Then there exists an exact
sequence 0 — M — G — G' — 0 in C(R) with G° and G' Gorenstein (X, ) )-injective. By Proposition 6 with
K=0, we get the exact sequences 0 > M —> G—>1—0 and 0 > M —>I1'"— G — 0 such that
LI'eZ G G e QZ()W)(R).

Now suppose n > 2. There exists an exact sequence of complexes 0 > M — X’ —> X' — «.. > X" — 0
with X' € GZ,,,,,(R) for 1 <i<n. Set K*= Ker(X? — X*). By applying Proposition 6 to the exact sequence
0—M—X°— X'— K*>— 0, we get an exact sequence of complexes 0> M—1"—> X — X>— e > X" 0
with /° injective and X' Gorenstein (X, Y )-injective. Set K' = Ker(?(\T — XZ). Then we have GZ,, (R )-id(K') <
n — 1. By the induction hypothesis, there exists an exact sequence of complexes 0 > M — [ — G' —

+ — G'— -+« — G" — 0 such that /° is injective and G' is Gorenstein (X, ) J-injective and G’ is injective for
i#tand 1 <t <n.

Now we need only to prove (v) forz = 0. Set K' = Ker(X’ — X7 ) By the induction hypothesis, we get an
exact sequence 0 — K' — X' — I*— [P — -« — " — 0 with X' Gorenstein (X, ) )-injective and I' injective
for any 2<i<n. Set K'=Ker(I>? = I’). Then by applying Proposition 6 to the exact sequence
0—M— X' — X — K'— 0, we get an exact sequence of complexes 0 — M — X — [' — K" — 0 with X°
Gorenstein (X, ) )-injective and I' injective. Thus we obtain the desired exact sequence 0 — X1
T )

The proof method similar to (i) & (v) yields (i) < (vi), (i) & (vii), (1) & (viii). ]

Corollary 6 Let M be a complex and GZ,, ,,(R)-id(M) < +e. Then

gzx_y)(R)-id(M) = sup{i e N| there is a complex L and Y-4d (L) <+ such that Exti(L, M) = 0}
= sup{i e N| for Y € Y such that Ext'(Y, M) = 0}.
Proof According to the equivalence of Theorem 4(i)-(iii), it can be proved. ]

Proposition 7 If (M i) o, is a family of complexes, then we have an equality

GZ o (R)-d(TTM) = sup{GZ., , (R)-d (M) i e 1},

Proof The inequality “ <" is clear since GZ,, ,,(R)is closed under product.

For the converse inequality “ =" , it suffices to show that if M’ is any direct summand of a complex M, then
GT vy (R)-id(M') < GT,,(R)-id(M). Assume that GZ ., (R)-id(M)=n <+, and then proceed by induction
on n.

Ifn=0,Me GT,,(R). By Proposition 3(ii), M' € GT,,(R), so GT,,(R)}id(M') = GZ,, (R)id(M) = 0.
If n>0, we write M=M®M" for some complex M" Pick exact sequence of complexes
0—>M —>1'">K —0and 0 > M"— ["— K'"— 0, where /' and /" are injective complexes. We get a

commutative diagram with spilt-exact rows,
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0 0 0
! ! !

0—> M’ M > M 0
l ! l

0_> 1/—> [/@II/—) II/—)O
l ! |
0 H K/% K!@KUH K!/% 0

l ! l
0 0 0

Because the middle column is an exact sequence, so we get that QI((‘,ﬁy)(R)—id( K'®K")=n - 1. Hence the
induction hypothesis yields that GZ,, ,(R)-id(K') < GT,,(R)-id(K'®K") = n — 1, and thus the short exact
sequence 0 — M’ — I' — K' — 0 shows that GZ , ,, (R)-id(M") < n, as desired. O
Lemma 5 Let M be a complex,
0—>M—>G6"— - —>G '">K —0
and
0> M—1"— > "> K" —0
two exact sequences with G’ Gorenstein (X, ) J-injective complexes and /' injective complexes for 0 <i <n — 1.
Then K" is Gorenstein (X, ) )-injective if and only if K" is Gorenstein (X, )-injective.
Proof There exist homomorphisms, G' — ' for0 <i<n - 1, and K* — k", such that the following dia-

gram is commutative:

0 M G’ G' G ! K" 0
REOEN
0—> M P [ —> I K"——0.
This diagram gives a chain map between complexes:
0 ¢'—G' G ! K 0
! ! ! !
0——1° I e [ —— K" 0.

Thus, by constructing mapping cones, we obtain an exact sequence of complexes
0> G > I"DG' — - > ['"?DC " — "' BK — K" — 0,
where G° € GZ,,,(R), and 'S G "' € GT,,,(R)fori = 0,1,-+-,n - 2.
By Proposition 3, the class of all Gorenstein (X, ) }-injective complexes is injectively resolving, and hence,
K= Ker([" “'OK — K") € gl'(xyy)(R). Then there exists an exact sequence of complexes
0 — Kn -1 — ]n - I@Kn — [%n — O’
where K" € 7, (R)ifand only if K" € GZ,,, ,(R). O
Corollary 7 Let M be a complex,
0—-M—->G" — - >G " '"—>K —0
and
0—>M—G — =G '—K —0
two exact sequence of complexes. If G' and G' are Gorenstein (X, ) )-injective complexes for 0 <i < n — 1, then

K" is Gorenstein (X, ) )-injective if and only if K" is Gorenstein (X, ) J-injective.
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Proof This follows from Lemma 5. ]

Below, we will consider a class of Gorenstein (X, Yy )—injective complexes, where Z € ).

Theorem 5 Let M be a complex with finite Gorenstein (X, Yy )—injective dimension n. Then M admits an in-
jective Gorenstein (X, ) J-injective preenvelope, ¢ : M = G, where C = Coker ¢ satisfies id( Cokerqb) =n-1.

Proof Pick an exact sequence, 0 > M — [ — [' — «.. —» [""' — ( — 0, where I’ are injectives. Then
C is Gorenstein (X, ) }injective by Lemma 9. According to the definition of Gorenstein (X, ) }injective complexes,
there exists an exact sequence of complexes 0 > K — E" — E""' — ... > ' — C — 0, where £,--- ,E""
are injectives, K is Gorenstein (X, ) -injective, and such that the functor Hom(Y,-) leaves this sequence exact
forallY € ).

Thus there exist homomorphisms, I' — E'"" for i = 0,---,n — 1, and M — K, such that the following

diagram is commutative:

0 M IO ]] 7 /[717] /C /0
! l l !
0 >K >E™ E! E"! >C >0.

This diagram gives a chain map between complexes:

O M [0 /I] 74 )[”71 \0

oo !
0 K E™" E" E" 0,
which induces an isomorphism in homology. Its mapping cone is exact, and all the complexes in it, except for
I°®K (which is Gorenstein (X, ) )-injective), are injective. Hence the cokernel C of ¢: M » I"®K satisfies
id(Cokerd)) =n-1.

Since € has finite injective dimension, we have Ext”'(C,M’') =0 for any Gorenstein (X, ) )-injective

complex M’, by Proposition 5. Hence ¢ : M » G is the desired preenvelope of M. ]
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