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In the 1990s, Enochs et al. (1995) introduce the concept of Gorenstein injective modules.  A module M is 

said to be Gorenstein injective if there is an exact sequence

⋯ → I-1 →δ-1

I 0 →δ0

I 1 →δ1 ⋯
of injective modules such that M = Ker δ0 and for any injective module I, HomR( I,- ) leaves the exact sequence 

above exact.  Dually, the concept of Gorenstein projective modules is also introduced.  Later, Enochs et al. (1998) 

extend the concepts above to the category of complexes, introduce the notions of both Gorenstein injective 

complexes and Gorenstein projective complexes.

As we know, in the category of complexes, the relationship between complexes and their terms is an 

important research topic, and has attracted the attention of many scholars.  For example, a complex C is DG-

injective if and only if C is a complex consisting of injective modules and HomR(E, C ) is exact for every exact 

complex E according to García Rozas(1999).  A complex X is Gorenstein injective (resp. , Gorenstein projective) 

if and only if each Xn is a Gorenstein injective (resp. , Gorenstein projective) module as shown in Yang et al.

(2011).  A complex X is Ding injective if and only if each term Xn is a Ding injective module over coherent rings 

according to Yang et al. (2020).  Recently, this was further developed in Gillespie et al. (2023), where it was 

proved that the same results hold over any ring.

The notion of duality pairs is introduced by Holm et al. (2009).  Since the duality pair is closely related to 

the existence of purity, covers and envelopes, and cotorsion pairs, it plays an important role in homological 

algebra.  There are many duality pairs in the category of modules; see, for example, Bravo et al. (2018); Gillespie 

(2019).  In particular, the flat modules and injective modules form a duality pair.  Furthermore, Yang(2011) 
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extends the notion to the category of complexes, introduces the concept of a duality pair of complexes.

Recently, Gillespie(2019) introduce and study the concept of Gorenstein (L, A )-injective modules, where 

(L, A ) is a complete duality pair of modules.  A module M is said to be Gorenstein (L, A )-injective if there is an 

exact sequence

⋯ → I-1 →δ-1

I 0 →δ0

I 1 →δ1 ⋯
of injective modules such that M = Ker δ  0 and HomR( A, I ) remains exact for all A ∈ A.  It is well known that 

extending the homological theory from the category of modules to the category of complexes is a very natural 

and important subject in homological algebra.  In this paper, we introduce and study the notion of Gorenstein 

(X, Y )-injective complexes, where (X, Y ) is a duality pair of complexes.

As we know, a complex C is DG-injective if and only if Cn is an injective module for each n ∈ Z and 

HomR(E, C ) is exact for every exact complex E.

1　Preliminaries

Throughout this article, R denotes an associative ring with unity.  A complex C of left R-modules will be 

denoted

⋯ → C1 →δ1
C0 →δ0

C-1 →δ-1 ⋯.
Unless stated otherwise, by the term "module" we always mean a left R-module and the term "complex" we 

always mean a complex of left R-modules.

We will use superscripts to distinguish complexes.  So if {Ci }i ∈ I is a family of complexes, Ci will be

⋯ → Ci1 →δi1 Ci0 →δi0 Ci-1 →δi-1 ⋯.
Given a complex C and an integer n, the nth suspension of C, denoted ΣnC, is the complex given by 

(ΣnC ) k = Ck - n and δΣnCk = (-1) n δk - n.  The nth cycle module is defined as Ker δn and is denoted by Zn(C ).  The nth 

boundary module is defined as Im δn + 1 and is denoted by Bn(C ).  For a module M, we denote the n-disk on M by 

Dn(M ).  This is the complex consisting only of M →1M M concentrated in degrees n and n - 1.  We denote the n-

sphere on M by Sn(M ), and this is the complex consisting of M in degree n and 0 elsewhere.

The category of complexes of left R-modules (resp. , right R-modules) is denoted by C (R) (resp. , C (R∘)).  

This category has enough projectives and injectives.  This can be seen from the fact that any complex of the form

⋯ → 0 → M →id
M → ⋯

with M projective (resp. , injective) is projective (resp. , injective).

Let C and D be complexes.  We use Hom (C, D) to denote the abelian group of morphisms from C to D and 

Exti for i ≥ 0 will denote the groups we get from the right derived functor of Hom.  Recall that Ext1(C, D) is the 

group of equivalence classes of short exact sequences 0 → D → Z → C → 0.  We let Ext1
dw(C, D) be the 

subgroup of Ext1(C, D) consisting of those short exact sequences which are split in each degree.  We denote by 

HomR(C, D) the complex of abelian groups with HomR(C, D) n = ∏
t ∈ Z

HomR( )Ct, Dn + t  and such that if 

f ∈ HomR(C, D) n then ( δn( f ) ) m = δDm + n fm - (-1) n fm + 1 δCm.

Given two complexes C and D.  Let - -- -----Hom (C, D) = Z (HomR(C, D) ).  We then see that - -- -----Hom (C, D) can be 

made into a complex with - -- -----Hom (C, D) m the abelian group of morphisms from C to ΣmD and with boundary 

operator given by f ∈ - -- -----Hom (C, D) m; then δm( f ) : C → Σm + 1D with δm( f ) n = (-1)m δDn + m fn for any n ∈ Z.  We note 

that the new functor - -- -----Hom (C, D) will have right derived functors whose values will be complexes.  These values 

should certainly be denoted -Ext i(C, D).  It is not hard to see that -Ext i(C, D) is the complex
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⋯ → Exti(C，Σn - 1D) → Exti(C，ΣnD) → Exti(C，Σn + 1D) → ⋯
with boundary operator induced by the boundary operator of D.  For a complex C, denote C+ as - -- -----Hom (C,- -- -----Q Z ).

The tensor product of a complex of right R-modules C and a complex of left R-modules D is the complex of 

Z-modules C ⊗ ⋅D with (C ⊗ ⋅D) n = ⊕
t ∈ Z
Ct ⊗ RDn - t and

δ (c ⊗ d) = δCt (c) ⊗ d + (-1) t c ⊗ δDn - t( y )
for c ∈ Ct, d ∈ Dn - t.

We define C -⊗ D to be ( )C ⊗ ⋅D
B ( )C ⊗ ⋅D

.  Then with the maps

( )C ⊗ ⋅D
n

Bn( )C ⊗ ⋅D
→ ( )C ⊗ ⋅D

n + 1

Bn + 1( )C ⊗ ⋅D
，        x ⊗ y ↦ δC( x) ⊗ y，

where x ⊗ y is used to denote the coset in ( )C ⊗ ⋅D
n

Bn( )C ⊗ ⋅D
, we get a complex.

For C a complex of left R-modules we have two functors - -⊗ C : C R → CZ and - -- -----Hom (C,- ) : RC → CZ, where 

CR (resp.  RC) denotes the category of complexes of right R-modules (resp.  left R-modules).

A morphism f : C → D of complexes is said to be null-homotopic if there exists a sequence hn : Cn → Dn + 1 

such that fn = δDn + 1hn + hn - 1 δCn for all n ∈ Z.  The mappingcone of f : C → D is denoted as M ( f ) = D⊕ΣC, where 

M ( f ) n = Dn⊕Cn - 1 and δM ( )f
n (d,c) = ( δDn (d ) + fn - 1(c) ,-δCn - 1(c) ).  Let LL be a class of objects in an abelian 

category AA and L ∈ LL .  A morphism f : D → L is called an L-preenvelope of D if Hom (L, L') → Hom (D, L') → 0 

is exact for any L' ∈ LL .

Definition 1(Yang et al. ,2011) Let LL be a class of objects in an abelian category AA.  We call X projectively 

resolving if all projective objects are contained in XX and for every short exact sequence 0 → X' → X → X″→ 0 

with X″ ∈ XX, the conditions X' ∈ XX and X ∈ XX are equivalent.  We call XX injectively resolving if all injective ob‐

jects are contained in XX and for every short exact sequence 0 → X' → X → X″→ 0 with X' ∈ XX, the conditions 

X″ ∈ XX and X ∈ XX are equivalent.

Definition 2(Holm et al. ,2009) A duality pair over R is a pair (A, B), where A is a class of left R-modules 

and B is a class of right R-modules, subject to the following conditions:

(1) For a left R-module A, one has A ∈ A if and only if HomZ( A,Q/Z) ∈ B.

(2) B is closed under direct summands and finite direct sums.

Definition 3(Yang,2011) A duality pair over R is a pair (X, Y ), where X is a class of complexes of left R-

modules and Y is a class of complexes of right R-modules, which are closed under isomorphisms, subject to the 

following conditions:

(1) For any complex X, one has X ∈ X if and only if X+ ∈ Y.

(2) Y is closed under direct summands and finite direct sums.

In the following, (A, B) will always denote a duality pair of modules, (X, Y ) will always denote a duality 

pair of complexes.

2　Gorenstein injective complexes with respect to duality pairs

In this section, we will investigate the concept of Gorenstein injective complexes with respect to duality 

pairs and give some equivalence characterizations of Gorenstein injective complexes with respect to duality pairs.

Definition 4 A complex M is said to be Gorenstein (X, Y )-injective if there exists an exact sequence of in‐

jective complexes

I ： ⋯ → I-1 →δ-1

I 0 →δ0

I 1 →δ1

I 2 → ⋯
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such that

(i)　M = Ker δ0;
(ii) Hom (Y, I) remains exact for all Y ∈ Y.

A complex M is said to be Gorenstein (X, Y )-projective if there exists an exact sequence of projective 

complexes

P  ： ⋯ → P-1 →δ-1

P0 →δ0

P1 →δ1

P2 → ⋯
such that

(iii)　M = Ker δ0;
(iv) Hom (P, X ) remains exact for all X ∈ X.

The class of Gorenstein (X, Y )-injective and the class of Gorenstein (X, Y )-projective complexes are 

denoted by GI( )X, Y (R) and GP( )X, Y (R), respectively.

Every conclusion about Gorenstein (X, Y )-projective complexes is dual to a corresponding conclusion about 

Gorenstein (X, Y )-injective complexes.  Therefore, in the following, we will only discuss the case with respect to 

Gorenstein (X, Y )-injective complexes.

Remark 1 (i) It is clear that every injective complex is Gorenstein (X, Y )-injective.

（ii） If

I ： ⋯ → I-1 → I 0 → I 1 → I 2 → ⋯
is a Hom (Y,- ) exact exact sequence of complexes for all Y ∈ Y, then by symmetic, all the kernels, the images, 

and the cokernels of I are Gorenstein (X, Y )-injective complexes.

Example 1 (i) A complex F is said to be of type FP∞ if there exists an exact sequence of complexes

⋯ → Pn → Pn - 1 → ⋯ → P1 → P0 → F → 0，
where each Pi is finitely generated projective for every 0 ≤ i ≤ +∞ .  We call a complex A absolutely clean if 

Ext1(F, A) = 0 for all complexes F of type FP∞.  On the other hand, we call a complex L level if Tor1(F, L ) = 0 

for all complexes F of type FP∞ of right R-modules in Bravo et al. (2017).

Let L denote the class of all level complexes, and AC denote the class of all absolutely clean complexes, 

then (L, AC ) is a duality pair (Gillespie, 2017).  Thus, Gorenstein (L, AC )-injective complexes are coincide with 

Gorenstein AC-injective complexes in Yang et al.  (2020), Gorenstein (L, AC )-projective complexes are coincide 

with Gorenstein AC-projective complexes in Gillespie(2018).

(ii) The notations I and F are used to denote the class of injective complexes and the class of flat complexes, 

respectively.  We notice that ( )F, I  is a duality pair.  Thus, Gorenstein ( )F, I -injective complexes are coincide 

with Gorenstein injective complexes in Enochs et al. (1998).  Gorenstein (F, I )-projective complexes are 

coincide with Ding projective complexes in Gillespie (2017).  If R is a perfect ring, Gorenstein ( )F, I -projective 

complexes are coincide with Gorenstein projective complexes in Enochs et al. (1998).

(iii) Let n be a nonnegative integer, a complex F is said to be of type FPn if there exists an exact sequence of 

finitely generated projective complexes
Pn → Pn - 1 → ⋯ → P1 → P0 → F → 0.

A complex I is said to be FPn-injective if Ext1(L, I ) = 0 for all complexes L of type FPn.  A complex F of right R-

modules is said to be FPn-flat if Tor1(F, L ) = 0 for all complexes L of type FPn (Zhao et al. ,2019).

Let FPFn denote the class of all FPn-flat complexes, and FPIn denote the class of FPn-injective complexes.  

If R is a coherent ring, then (FPF1, FPI1 ) is a duality pair (Bravo et al. , 2017; Zhao et al. , 2019).  Thus, 

Gorenstein (FPF1, FPI1 )-injective complexes are coincide with Ding injective complexes in Gillespie(2017).

If n ≥ 2, (FPFn, FPIn ) is a duality pair.  The Gorenstein (FPFn, FPIn )-injective complexes is particularly 

called Gorenstein FPn-injective complexes.  The Gorenstein (FPFn, FPIn )-projective complexes is particularly 
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called Gorenstein FPn-projective complexes.

(iv) A complex I is said to be DG-injective if I is a complex consisting of injective modules and if HomR(E,I ) 
is exact whenever E is exact.  A complex F is said to be DG-flat if F is a complex consisting of flat modules and if 

for every exact complex E of right R-modules, E ⊗ ⋅F is exact (García Rozas,1999).

Let DF denote the class of all DG-flat complexes, and DI denote the class of DG-injective complexes.  Then 

(DF, DI ) is a duality pair (Yang, 2011).  The Gorenstein (DF, DI )-injective complexes is particularly called 

Gorenstein DG-injective complexes.  The Gorenstein (DF, DI )-projective complexes is particularly called 

Gorenstein DG-projective complexes

(v) Consider for each integer n ≥ 0 the following complex class:
Fn = { }|F ∈ C (R)   fdF ≤ n ，              In = { }|I ∈ C (R∘)  id I ≤ n ，

where fd denotes the flat dimension, and id denotes the injective dimension. (Fn, In ) is a duality pair(Yang,2011).  

The Gorenstein (Fn, In )-injective complexes is particularly called Gorenstein FIn-injective complexes.  The 

Gorenstein (Fn, In )-projective complexes is particularly called Gorenstein FIn-projective complexes.

Recall that an exact sequence X: ⋯ → X1 → X0 → M → 0 in C (R) with each Xi ∈ X is said to be an X 

resolution of M.  An X coresolution of M is defined dually.  An exact sequence in C (R) is called Hom (Y,- ) exact 

if it remains still exact after applying the functor Hom (Y,- ) for all Y ∈ Y.

Proposition 1 Let M be a complex.  The following are equivalent:
(i) M is Gorenstein (X, Y )-injective.

(ii) Ext≥ 1(Y, M ) = 0 for all Y ∈ Y and M admits a Hom (Y,- ) exact injective resolution.

(iii) There exists an exact sequence 0 → K → I → M → 0 where I ∈ I and K ∈ GI( )X, Y (R).
Proof ( i) ⇒ ( ii) Let M be a Gorenstein (X, Y )-injective complex.  By definition 4, there exists an exact se‐

quence of complexes

⋯ → I-1 → I 0 → M → 0，
where I i is an injective complex for each i ≤ 0, and which remains exact after applying Hom (Y,- ) for any Y ∈ Y.

Obviously, M admits an injective coresolution 0 → M → I 1 → I 2 → ⋯.  Let Ki = Ker ( I i → I i + 1 ) , i ≥ 1.  

By the definition of Gorenstein (X, Y )-injective complexes, Ki is a Gorenstein (X, Y )-injective complex.  

Applying Hom (Y,- ) for any Y ∈ Y to the exact sequence of complexes

0 → M → I 1 → K 2 → 0，
we have Ext1(Y, M ) = 0 and Exti + 1(Y, M ) ≅ Exti(Y,K 2 ) , i ≥ 1.  In a similar way, applying Hom (Y,- ) for any 

Y ∈ Y to the exact sequence of complexes 0 → Ki → I i → Ki + 1 → 0, we get Exti + 1(Y, Ki ) ≅ Exti(Y, Ki + 1 ) , 
 i ≥ 1.  Hence Exti(Y, M ) = 0, i ≥ 1.

( ii) ⇒ ( i) It is evident that M admits an injective coresolution 0 → M → I 1 → I 2 → ⋯.  Let Ki =
Ker ( I i → I i + 1 ) , i ≥ 1.  Since Ext≥ 1(Y, M ) = 0, 0 → M → I 1 → K 2 → 0 remains exact after applying Hom (Y,- ) 
for Y ∈ Y and Ext≥ 1(Y, K 2 ) = 0.  Since Ext≥ 1(Y, K 2 ) = 0, 0 → K 2 → I 2 → K 3 → 0 also remains exact after 

applying Hom (Y,- ) for Y ∈ Y and Ext≥ 1(Y, K 3 ) = 0.  By repeating the preceding process, we get M is a 

Gorenstein (X, Y )-injective complex.

( i) ⇒ ( iii) This follows directly from the definition of Gorenstein (X, Y )-injective complexes.

( iii) ⇒ ( ii) The equivalence of ( i) and ( ii) implies that K is Gorenstein (X, Y )-injective, Ext≥ 1(Y, K ) = 0, and 

K admits a Hom (Y,- ) exact injective resolution

⋯ → I-1 → I 0 → K → 0 . （1）

Note that there exists a long exact sequence

⋯ → Exti(Y，I ) → Exti(Y，M ) → Exti + 1(Y，K ) → ⋯，
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we get Ext≥ 1(Y, M ) = 0.  Assembling (1) with 0 → K → I → M → 0, we get a Hom (Y,- ) exact injective 

resolution ⋯ → I-1 → I 0 → I → M → 0, as desired. □
Definition 5 Let (A, B) be a duality pair of modules such that B is closed under extensions, M a complex.

( i) M is said to be an A complex if it is exact and Zn(M ) ∈ A for all n.

( ii) M is said to be a B complex if it is exact and Zn(M ) ∈ B for all n.

We denote the class of A complexes by A͂.  Similarly, the B complexes are denoted by B͂.

Lemma 1 Let (A, B) be a duality pair of modules such that B is closed under extensions.  Then (A͂, B͂) is a 

duality pair of complexes.

Proof Let M be an A complex.  Then M is exact and Zn(M ) ∈ A for all n.  By Lemma 2. 2(Yang et al. ,

2014), we get

Zn( )M+ = HomZ( )M-n /B-n( )M ，Q/Z = ( )M-n /B-n( )M + = ( )M-n /Ker δ-n
+ ≅ ( )Im δ-n

+.
Since Im δ-n = Ker δ-n - 1 = Z-n - 1(M ) ∈ A, we get Zn(M+) ∈ B.  Note that, M+ is exact.  Therefore, M+ is a B 

complex.

Let M+ be a B complex.  Then M+ is exact and Zn(M+) ∈ B for all n.  By Lemma 2. 2(Yang et al. ,2014), we 

get

Zn( )M+ = HomZ( )M-n /B-n( )M ，Q/Z = ( )M-n /B-n( )M + ≅ ( )Ker δ-n - 1
+ = ( )Z-n - 1( )M +.

Note that (Z-n - 1(M ) ) + ∈ B, and so Z-n - 1(M ) ) ∈ A.  On the other hand, we see that M is exact.  Thus, M is a A 

complex.

In the following, we will show that B͂ is closed under direct summands and finite direct sums.  Let A, B, and 

C be complexes, and A⊕B = C ∈ B͂.  Obviously, A⊕B is exact and Zn( A⊕B) ∈ B for all n.  This implies 

Zn( A⊕B) = Zn( A)⊕Zn(B) ∈ B.  Since B is closed under direct summands, we have Zn( A) ∈ B and Zn(B) ∈ B.  

Thus, A and B are both B complexes.  Similarly, it can be shown that B͂ is closed under finite direct sums. □
When investigating a complex G, it is natural to consider the relationship between the complex G and its 

terms Gn for all n ∈ Z.  Here, we obtain the following result for Gorenstein (X, Y )-injective complexes.

Theorem 1 Let (A, B) be a duality pair of modules.  Then a complex G is Gorenstein (A͂, B͂)-injective if 

and only if Gn is a Gorenstein (A, B)-injective module for each n ∈ Z and HomR(B, G ) is exact for any B ∈ B͂, 

where (A͂, B͂) is a duality pair of complexes which is induced by (A, B).
Proof “ ⇒ ” Let G be a Gorenstein (A͂, B͂)-injective complex.  Then there exists an exact sequence of in‐

jective complexes

⋯ → I-1 → I 0 → I 1 → I 2 → ⋯
with G = Ker ( I 0 → I 1 ) which remains exact after applying Hom (B,- ) for any complex B ∈ B͂.

We first show that each Gn is a Gorenstein (A,B )-injective module.  Of course we have the exact complex of 

injective modules

⋯ → ( I-1 ) n → ( I 0 ) n → ( I 1 ) n → ( I 2 ) n → ⋯
with Gn = Ker (( I 0 ) n → ( I 1 ) n ).  So it is left to show that this remains exact after applying HomR(C,- ) for all 

C ∈ B.  Note that Dn(C ) is a B complex for any module C ∈ B.  Using the standard adjunction 

Hom (Dn(C ) , G ) ≅ HomR(C, Gn ) (Gillespie,2004), we see that the sequence

⋯ → HomR(C，( I-1 ) n ) → HomR(C，( I 0 ) n ) → HomR(C，( I 1 ) n ) → HomR(C，( I 2 ) n ) → ⋯
is exact.  We conclude that Gn is Gorenstein (A, B)-injective.

Next we will show that the complex HomR(B, G ) is exact for any B ∈ B͂.  Since G is Gorenstein (A͂, B͂)-

6
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injective it follows from the definition that Ext1(B, G ) = 0.  This implies Ext1
dw(B, G ) = 0.  Note that 

Hn(HomR(B, G ) ) ≅ Ext1
dw(B, Σ -n - 1G ) for any B ∈ B͂ (Gillespie, 2004).  But it is easy to see 

Ext1
dw(B, Σ -n - 1G ) ≅ Ext1

dw(Σn + 1B, G ).  Since Σn + 1B ∈ B͂, and so Hn(HomR(B, G ) ) ≅ Ext1
dw(Σn + 1B, G ) = 0 for 

all n ∈ Z.

“ ⇐ ” Now suppose each Gn is a Gorenstein (A, B)-injective module and HomR(B, G ) is exact for any 

B ∈ B͂.  Next, we will prove that G is a Gorenstein (A͂, B͂)-injective complex.  We start by using that C (R) has 

enough injectives, and write a short exact sequence 0 → G →δ I 0 → C → 0 where I 0 is an injective complex.  

Since the class of Gorenstein (A, B)-injective modules is injectively resolving by Gillespie (2019) Lemma 4. 5, 

we see that each Cn is also Gorenstein (A, B)-injective.  We claim that C also satisfies that HomR(B, C ) is exact 

for any B ∈ B͂.  Indeed for any choice of integers n, k and a complex B ∈ B͂, we have Ext1
R(Bk, Gk + n ) = 0 since 

Bk ∈ B and Gk + n is Gorenstein (A, B)-injective.  Then there exists an exact sequence

0 → HomR(Bk，Gk + n ) → HomR(Bk，( I 0 ) k + n ) → HomR(Bk，Ck + n ) → 0.
This implies

0 → ∏
k ∈ Z

HomR(Bk，Gk + n ) → ∏
k ∈ Z

HomR(Bk，( I 0 ) k + n ) → ∏
k ∈ Z

HomR(Bk，Ck + n ) → 0
is also exact.  Hence 0 → HomR(B, G ) → HomR(B, I 0 ) → HomR(B, C ) → 0 is an exact sequence of complexes.  

Since HomR(B, G ) and HomR(B, I 0 ) are exact, it follows that HomR(B, C ) is also exact.  Since C has the same 

properties as G, we may inductively obtain an injective coresolution

0 → G →δ I 0 →d0

I 1 →d1

I 2 →d2 ⋯
where each (Ki ) n = (Ker di ) n  ( i ≥ 0) is a Gorenstein (A, B)-injective module and which satisfies that 

HomR(B, Ki ) is exact for any complex B ∈ B͂.  This coresolution must remain exact after applying Hom (B,- ) for 

any complex B ∈ B͂ because Ext1(B, Ki ) = Ext1
dw(B, Ki ) ≅ H-1(HomR(B, Ki ) ) = 0 (Gillespie, 2004).

Note that there is an obvious (degreewise spilt) short exact sequence

0 → Σ -1G →( )1，δ ⊕
n ∈ Z

Dn(Gn ) →( )δ，1
G → 0 .

Now each Gn is Gorenstein (A, B)-injective.  So we certainly can find a short exact sequence 

0 → Fn →αn Ln →βn Gn → 0 where Ln is injective and Fn is also Gorenstein (A, B)-injective.  This gives us another 

short exact sequence

0 → ⊕
n ∈ Z

Dn(Fn )¾ ®¾¾¾¾
⊕
n ∈ Z

Dn( )αn ⊕
n ∈ Z

Dn(Ln )¾ ®¾¾¾¾
⊕
n ∈ Z

Dn( )βn ⊕
n ∈ Z

Dn(Gn ) → 0 .
Notice that ⊕

n ∈ Z
Dn(Ln ) = ∏

n ∈ Z
Dn( )Ln  is an injective complex and we will denote it by I-1.  Furthermore, let ι:

I-1 → G be the composite

⊕
n ∈ Z

Dn(Ln )¾ ®¾¾¾¾
⊕
n ∈ Z

Dn( )βn ⊕
n ∈ Z

Dn(Gn ) →d + 1
G.

Then ι is an epimorphism since it is the composite of two epimorphisms.  Moreover, setting K 0 = Ker ι, thus we 

have the following commutative graph:

0 ¾®¾¾ ⊕
n ∈ Z

Dn( )Fn ¾®¾¾ I-1¾®¾¾ ⊕
n ∈ Z

Dn( )Gn ¾®¾¾ 0
                    ↓                    ↓ι                   ↓
0 ¾ ®¾ ¾¾¾¾¾

                     0 ¾ ®¾ ¾¾¾¾¾
                      G¾ ®¾ ¾¾¾¾¾ ¾¾

                         G ¾ ®¾ ¾¾¾¾¾
                    0

                    ↓                  ↓                     ↓
                      0                     0                       0                       .
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It follows from the Snake Lemma that K 0 sits in the short exact sequence

0 → ⊕
n ∈ Z

Dn(Fn ) → K 0 → Σ -1G → 0.
Hence (K 0 ) n is a Gorenstein (A, B)-injective module.  Because of this, the short exact sequence 

0 → K 0 → I-1 → G→ 0 is HomR(B,- ) exact for any B ∈ B͂ .  Then 0 → HomR(B, K 0 )→ HomR(B, I-1 )→ HomR(B, G )→ 0 

is exact.  And also HomR(B, K 0 ) must be exact since HomR(B, I-1 ) and HomR(B, G ) are exact.  Since K 0 has the 

same properties as G, we may continue inductively to obtain the desired resolution

⋯ → I-3 →d-3

I-2 →d-2

I-1 →ι G → 0.
Finally, we paste the resolution together with

0 → G →δ I 0 →d0

I 1 →d1

I 2 →d2 ⋯
by setting d-1 = δι and we are done. □

Remark 2 ( i) Let L denote the class of all level modules, and AC denote the class of all absolutely clean 

modules, then (L, AC ) is a duality pair of modules, and (L͂, ~AC ) is a duality pair of complexes by Lemma 1.  

Thus, Gorenstein (L͂, ~AC )-injective complexes are exactly Gorenstein AC-injective.

( ii) Let F denote the class of all flat modules, and I denote the class of all injective modules, then (F, I) is a 

duality pair of modules, and (F͂, I͂) is a duality pair of complexes by Lemma 1.  Thus, Gorenstein (F͂, I͂)-injective 

complexes are exactly Gorenstein injective.

( iii) Let FPF1 denote the class of all FP1-flat modules, and FPI1 denote the class of all FP1-injective 

modules.  If R is a coherent ring, (FPF1, FPI1 ) is a duality pair of modules, then (~FPF1 , ~FPI1 ) is a duality pair 

of complexes by Lemma 1.  Thus, Gorenstein (~FPF1 , ~FPI1 )-injective complexes are exactly Ding injective.

( iv) Let FPFn denote the class of all FPn-flat modules, and FPIn denote the class of all FPn-injective 

modules.  If n ≥ 2, (FPFn, FPIn ) is a duality pair of modules, then (~FPFn ,~ FPIn ) is a duality pair of 

complexes by Lemma 1 and Bravo et al.  (2017); Zhao et al. (2019).  Thus, Gorenstein (~FPFn , ~FPIn )-injective 

complexes are exactly Gorenstein FPn-injective.

Then the following result can be obtained by Theorem 1.

Corollary 1(Bravo et al. ,2016) A complex G is Gorenstein AC-injective if and only if Gn is a Gorenstein 

AC-injective module for each n ∈ Z and HomR(B, G ) is exact for any absolutely clean complex B.

Corollary 2 Let G be a complex.  Then the following conditions are equivalent:
( i) G is a Gorenstein injective complex.

( ii) Gn is a Gorenstein injective module for each n ∈ Z and HomR(B, G ) is exact for any injective complex B.

( iii) Gn is a Gorenstein injective module for each n ∈ Z.

Proof (i) ⇔  (ii) It follows from Theorem 1.

(ii) ⇒  (iii) Obviously.

(iii) ⇒  (ii) Note that any injective complex is the direct product (sum) of complexes

ΣmD (B) ： ⋯ → 0 → B → B → 0 → ⋯
with B an injective module.  Let 0 → Σ -n - 1G → X → ΣmD (B) be an extension in C (R), and we consider the 

following commutative diagram:
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                       ⋮                        ⋮ 
                       ↓                        ↓
0 ¾ ®¾¾¾¾¾¾

                   
Gm + n + 3¾ ®¾¾¾¾¾¾

                   
Xm + 2¾ ®¾¾¾¾¾¾

                   0
                       ↓ δGm + n + 3              ↓ δXm + 2              ↓
0 ¾ ®¾¾¾¾¾¾

                   
Gm + n + 2¾ ®¾¾¾¾¾¾

   gm + n + 2   
Xm + 1¾ ®¾ ¾¾¾¾¾

     fm + 1       
B¾ ®¾¾¾¾¾¾

                   0
                       ↓ δGm + n + 2              ↓ δXm + 1              ↓
0 ¾ ®¾¾¾¾¾¾

                   
Gm + n + 1¾ ®¾ ¾¾¾¾¾

    gm + n + 1     Xm ¾ ®¾ ¾¾¾¾¾
           fm       

B¾ ®¾¾¾¾¾¾
                   0

                       ↓ δGm + n + 1              ↓ δXm                 ↓
0 ¾ ®¾¾¾¾¾¾

                    Gm + n ¾ ®¾ ¾¾¾¾¾
                     

Xm - 1¾ ®¾ ¾¾¾¾¾
                      0

                       ↓                        ↓
                       ⋮                        ⋮

Since fm + 1 : Xm + 1 → B splits, there exists hm + 1 : B → Xm + 1 such that fm + 1hm + 1 = 1.  We define hm : B → Xm as hm =
δXm + 1hm + 1 and hi = 0 for i ≠ m, m + 1.  In this way, we obtain a map of complexes h : ΣmD (B) → X such that fh =
1.  So the sequence 0 → Σ -n - 1G → X → ΣmD (B) splits, and hence Ext1(ΣmD (B) , Σ -n - 1G ) = 0.

Since

HnHomR( )I，G ≅ Ext1
dw( )I，Σ -n - 1G = Ext1( )I，Σ -n - 1G = Ext1( )∐

m ∈ Z
Σm D ( )B ，Σ -n - 1G

≅ ∏
m ∈ Z

Ext1 ( )ΣmD ( )B ，Σ -n - 1G = 0，
HomR( I, G ) is exact for any injective complex I. □

Corollary 3 A complex G is Gorenstein FPn-injective if and only if Gn is a Gorenstein FPn-injective mod‐

ule for each n ∈ Z and HomR(B, G ) is exact for any FPn-injective complex B.

Corollary 4 Let G be a complex.  Then G is Gorenstein (A͂, B͂)-injective if and only if each Gn is a Goren‐

stein (A, B)-injective module for all n ∈ Z and any morphism f : B → G is null homotopic whenever B ∈ B͂.

Proof “ ⇒ ” By Theorem 1, we need only to show that f : B → G is null homotopic for all B ∈ B͂.  

Since HomR(B, G ) is exact for all B ∈ B͂, it follows from Lemma 2. 1(Yang et al. , 2018) that 

HomK ( )R (B, G ) ≅ Hn(HomR(Σ -nB, G ) ) = 0.  Therefore f : B → G is null homotopic whenever B ∈ B͂.

“ ⇐ ” Since ΣnB is still a B complex whenever B ∈ B͂, it follows from Lemma 2. 1(Yang et al. ,2018) that 

HomR(B,G ) is exact. □
Proposition 2 Let G be an exact complex bounded below.  Suppose that Zn(G ) is a Gorenstein (A,B )-injec‐

tive module for each n ∈ Z.  Then G is Gorenstein (A͂, B͂)-injective.

Proof Since the class of Gorenstein (A, B)-injective modules is injectively resolving, each Gn is a Goren‐

stein (A, B)-injective module for all n ∈ Z.  Therefore, by Corollary 4, we need only to show any morphism f :
 B → G is null homotopic whenever B ∈ B͂.

We set

G ≔  ⋯ → G-n + 3 →δ-n + 3
G-n + 2 →δ-n + 2

G-n + 1 →δ-n + 1
G-n →δ-n 0 → ⋯，

where n is a fixed integer.  Let B ∈ B͂.  In the following, we will show that any morphism f : B → G is null 

homotopic.

Consider the following commutative diagram:
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with εk = 0 for all k ≤ -n - 1.  Then we need to show that there exists a homomorphism εk : Bk → Gk + 1 such that 

gk = εk - 1θk + δk + 1εk for all k ≥ -n.

Let Z-n + j(G ) = Ker δ-n + j, j ≥ 1.  Then the sequence

0 ¾®¾¾ Z-n + 1(G )¾®¾¾
μ-n + 1

G-n + 1¾®¾¾
δ-n + 1

G-n¾®¾¾ 0
remains exact after applying HomR(B-n,- ).  This implies

0 → HomR(B-n，Z-n + 1(G ) ) → HomR(B-n，G-n + 1 ) → HomR(B-n，G-n ) → 0
is exact.  Thus there exists a homomorphism ε-n ∈ HomR(B-n, G-n + 1 ) such that g-n = δ-n + 1ε-n.

Since 

δ-n + 1( )g-n + 1 - ε-nθ-n + 1 = δ-n + 1g-n + 1 - δ-n + 1ε-nθ-n + 1 = δ-n + 1g-n + 1 - g-nθ-n + 1 = 0，
Im (g-n + 1 - ε-nθ-n + 1 ) ⊆ Ker δ-n + 1 .  There exists h-n + 1 ∈ HomR(B-n + 1, Z-n + 1(G ) ) such that the following diagram

commutes.  That is, we have the equality g-n + 1 - ε-nθ-n + 1 = μ-n + 1h-n + 1.

On the other hand, we see that the sequence

0 ¾®¾¾ Z-n + 2(G )¾ ®¾¾¾¾
  μ-n + 2    

G-n + 2¾ ®¾¾¾¾
  π-n + 2   Z-n + 1(G )¾®¾¾ 0

remains exact after applying HomR(B-n + 1,- ).  This implies

0 → HomR(B-n + 1，Z-n + 2(G ) ) → HomR(B-n + 1，G-n + 2 ) → HomR(B-n + 1，Z-n + 1(G ) ) → 0
is exact.  Thus there also exists a homomorphism ε-n + 1 ∈ HomR(B-n + 1,G-n + 2 ) such that the following diagram

commutes.  That is, we have the equality h-n + 1 = π-n + 2ε-n + 1.
Thus g-n + 1 - ε-nθ-n + 1 = μ-n + 1π-n + 2ε-n + 1.  Note that μ-n + 1π-n + 2 = δ-n + 2, and so g-n + 1 = ε-nθ-n + 1 + δ-n + 2ε-n + 1.

Hence, we may continue inductively to obtain that gk = εk - 1θk + δk + 1εk, where εk : Bk → Gk + 1 for any 

k ≥ -n.  Therefore f : B → G is null homotopic. □
Lemma 2 Let X be a class of complexes which is either projectively resolving, or injectively resolving.  If 

X is cloesd under countable direct sums, or closed under countable direct products, then X is also closed under di‐

rect summands.

Proof Assume that Y is a direct summand of X ∈ X.  We wish to show that Y ∈ X.  Write X = Y⊕Z for 

some complex Z.  If X is closed under countable direct sums, then we define W = Y⊕Z⊕Y⊕Z⊕⋯ (direct sum), 

and note that W ≅ X⊕X⊕⋯ ∈ X.  If X is closed under countable direct products, then we put W = Y × Z × Y ×
Z × ⋯(direct product), and note that W ≅ X × X × ⋯ ∈ X.  In either case we have W ≅ Y⊕W, so in particular 

the sum Y⊕W belongs to X.  If X is projectively resolving, then we consider the split exact sequence 

0 → Y → Y⊕W → W → 0, and if X is injectively resolving, then we consider 0 → W → W⊕Y → Y → 0.  In 

either case we conclude that Y ∈ X. □
Proposition 3 Let 0 → M' → M → M″→ 0 be a short exact sequence of complexes.  Then the following 

hold:
( i) The class of all Gorenstein (X, Y )-injective complexes is injectively resolving.
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( ii) The class of all Gorenstein (X, Y )-injective complexes is closed under products and direct summands, 

respectively.

( iii) If M, M″ ∈ GI( )X, Y (R) and Ext1( I, M') = 0 for any injective complex I, then M' ∈ GI( )X, Y (R).
Proof ( i) Let M' and M″ be Gorenstein (X, Y )-injective complexes.  Then

Ext≥ 1(Y，M') = Ext≥ 1(Y，M″) = 0 for Y ∈ Y.
Note that there exists a long exact sequence

⋯ → Exti(Y，M') → Exti(Y，M ) → Exti(Y，M″) → ⋯，

we get Ext≥ 1(Y, M ) = 0.  By Proposition 1(ii) and Lemma 8. 2. 1(Enochs et al. ,2000), we get M ∈ GI( )X, Y (R).
Suppose 0 → M' → M → M″→ 0 is an exact sequence of complexes with M' and M Gorenstein (X, Y )-

injective complexes.  We need only to show that M″ is a Gorenstein (X, Y )-injective complex.  Since 

M ∈ GI( )X, Y (R), there exists a short exact sequence 0 → K → I → M → 0, where I is injective and K is 

Gorenstein (X, Y )-injective.  Then we have the pullback diagram:

              0            0
            ↓          ↓
              K = == =====

          
K

            ↓          ↓
0 ¾®¾¾ U¾ ®¾¾¾¾

            
I¾ ®¾¾

           
M″¾®¾¾ 0

            ↓          ↓          

0 ¾®¾¾ M'¾®¾¾ M¾®¾¾ M″¾®¾¾ 0
            ↓          ↓
              0            0

Note that K and M' are both Gorenstein (X, Y )-injective.  Then U is Gorenstein (X, Y )-injective.  Thus M″ is 

Gorenstein (X, Y )-injective by Proposition 1.

( ii) Since the class of injective complexes is closed under direct products, we have Gorenstein (X, Y )-
injective complex is closed under product.  Note that Gorenstein (X, Y )-injective complex is closed under direct 

summands by (1) and Lemma 2.

( iii) Since M″ ∈ GI( )X, Y (R), there exists an exact sequence of complexes 0 → K → I → M″→ 0 with 

I ∈ I, K ∈ GI( )X, Y (R).  Consider the following pullback diagram:

                                0            0
                              ↓          ↓
                                K = == =====

          
K

                              ↓          ↓
0 ¾®¾¾ M'¾ ®¾¾¾¾

            
U¾ ®¾¾

           
I¾ ®¾¾¾¾

             0
                          ↓          ↓  
0 ¾®¾¾ M'¾ ®¾¾

           
M¾ ®¾¾

           
M″¾®¾¾ 0

                              ↓          ↓
                                0            0

Note that M and K are Gorenstein (X, Y )-injective, and so U is Gorenstein (X, Y )-injective by (i).  Since 

Ext1( I, M') = 0, the middle row split.  Therefore, M' is Gorenstein (X, Y )-injective by (ii). □
Proposition 4 Consider a short exact sequence of complexes 0 → M →f A → N → 0, where A ∈ I, 

N ∈ GI( )X, Y (R).  Then, for any homomorphism f ' : M → A', Coker α ∈ GI( )X, Y (R), where A' ∈ I, α = ( f, f ') :
M → A⊕A'.

Proof Let f ' : M → A' with A' ∈ I.  Consider the short exact sequence of complexes 
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0 → M →α A⊕A' → Coker α → 0.  By diagram-chasing, there exists a homomorphism μ : Coker α → N that 

makes the following diagram commute:

0 ¾®¾¾ M¾ ®¾¾¾¾
     α       

A⊕A'¾ ®¾¾
           Coker α¾ ®¾¾¾¾

             0
                             ↓ π                ↓ μ  
0 ¾®¾¾ M¾ ®¾¾¾¾¾¾

                  
A¾ ®¾ ¾¾¾¾¾ ¾¾

                         N¾ ®¾ ¾¾¾¾¾
                      0

where π : A⊕A' → A is a classical projection.  Applying the Snake Lemma yields that μ is an epimorphism and 

Ker μ = Ker π = A' ∈ I.  Furthermore, by Proposition 3, it follows that Cokerα ∈ GI( )X, Y (R) in the exact sequence 

0 → Ker μ → Coker α → N → 0. □
Lemma 3 A complex M has a Hom (Y,- ) exact injective resolution if and only if it has a Hom (Y,- ) exact 

GI( )X, Y (R) resolution.

Proof “ ⇒ ” Clearly.

“ ⇐ ” Let 0 → K → G0 → M → 0 be a Hom (Y,- ) exact exact sequence of complexes with 

G0 ∈ GI( )X, Y (R) and K having a Hom (Y,- ) exact GI( )X, Y (R) resolution.  Then we have the following pullback 

diagram:
              0            0
            ↓          ↓
              G'= == =====

          
G'

            ↓          ↓
0 ¾®¾¾ H¾ ®¾¾¾¾

            
I 1¾ ®¾¾

           
M¾®¾¾ 0

            ↓          ↓          

0 ¾®¾¾ K¾®¾¾ G0¾ ®¾¾¾¾
             

M¾®¾¾ 0
            ↓          ↓
              0            0

with I 1 ∈ I, G' ∈ GI( )X, Y (R).  Since the bottom row and the middle column are Hom (Y,- ) exact, so is the middle 

row by Snake Lemma.  Note that there is an Hom (Y,- ) exact exact sequence of complexes 

0 → K 1 → G1 → K → 0 such that K 1 has a Hom (Y,- ) exact GI( )X, Y (R) resolution and G1 ∈ GI( )X, Y (R).  

Consider the following pullback diagram:
                                0             0
                              ↓          ↓
                                K = == =====

          
K

                              ↓          ↓
0 ¾®¾¾ M'¾ ®¾¾¾¾

            
U¾ ®¾¾

           
I¾ ®¾¾¾¾

             0
                          ↓          ↓  
0 ¾®¾¾ M'¾ ®¾¾

           
M¾ ®¾¾

           
M″¾®¾¾ 0

                              ↓          ↓
                                0             0

Since GI( )X, Y (R) is closed under extensions, L ∈ GI( )X, Y (R).  Therefore, H has a Hom (Y,- ) exact GI( )X, Y (R) 
resolution.  Note that 0 → H → I 1 → M → 0 is Hom (Y,- ) exact.  Continuing the process above, we can get that 

M has a Hom (Y,- ) exact injective resolution. □
Dually, we can prove the following lemma.

Lemma 4 A complex M has a Hom (Y,- ) exact injective coresolution if and only if it has a Hom (Y,- ) ex‐
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act GI( )X, Y (R) coresolution.

Definition 6 Let GI 2
( )X, Y (R) denote the class of complexes M for which there exists an exact sequence of 

Gorenstein (X, Y )-injective complexes

⋯ → G-1 → G0 → G1 → G2 → ⋯
such that M ≅ Ker (G0 → G1 ), and such that Hom (Y,- ) leaves the sequence exact for all Y ∈ Y.

It is obvious that GI( )X, Y (R) ⊆ GI 2
( )X, Y (R).  As a consequence of Lemma 3 and Lemma 4, we have the 

following result.

Theorem 2 GI( )X, Y (R) = GI 2
( )X, Y (R).

3　Gorenstein (X, Y )-injective dimension

In this section we give a detailed treatment for Gorenstein (X, Y )-injective dimension of complexes.

Definition 7 Let D be a class of complexes.  The D injective dimension of a complex M is defined to be 

the infimum of integers n such that there exists an exact sequence
0 → M → D0 → D1 → ⋯ → Dn → 0

with all Di ∈ D, and we write D-id (M ) ≤ n.  If no such finite sequence exists, define D-id (M ) = +∞.

In particular, we use GI( )X, Y (R)-id (M ) to denote the Gorenstein (X, Y )-injective dimension of M when D =
GI( )X, Y (R).

Proposition 5 Let M be a Gorenstein (X, Y )-injective complex.  Then for any complex L with finite Y in‐

jective dimension,

Ext≥ 1(L，M ) = 0.
Proof Assume that L is a complex and Y-id (L ) = n, 1 ≤ n < +∞.  Then there exists an exact sequence of 

complexes

0 → L → Y 0 →d0

Y 1 →d1 ⋯ → Y n - 1 →dn - 1

Y n → 0，
where each Y i ∈ Y.  By dimension shifting, we get

Exti(L，M ) ≅ Exti + 1(Ker d1，M ) ≅ ⋯ ≅ Exti + n(Y n，M )， i ≥ 1.
Note that Exti + n(Y n, M ) = 0, and so Exti(L, M ) = 0, i ≥ 1. □

Corollary 5 Consider an exact sequence 0 → M → G0 → ⋯ → Gn - 1 → Kn → 0 where G0,⋯,Gn - 1 are 

Gorenstein (X, Y )-injective complexes.  Then

Exti + n(L，M ) ≅ Exti(L，Kn )
for all complexes L with finite Y injective dimension, and all i ∈ N.

Proof It is easily seen by Proposition 5 and dimension shifting. □
Theorem 3 Assume that M is a complex, and GI( )X, Y (R)-id (M ) = n < +∞.  Then there are exact sequences

0 → M → G → I → 0，             0 → G' → I' → M → 0，
such that G, G' ∈ GI( )X, Y (R), id ( I') ≤ n, id ( I ) ≤ n - 1.

Proof We proceed by induction on n ≥ 0.  If n = 0, then M is a Gorenstein (X, Y )-injective complex.  By 

Proposition 1(iii), we have the following two exact sequences of complexes:

0 → M → M → 0 → 0，                 0 → G' → I' → M → 0，
where I' ∈ I, G' ∈ GI( )X, Y (R).  If GI( )X, Y (R)-id (M ) = n > 0, then there exists an exact sequence

0 → M → G0 → G1 → ⋯ → Gn → 0，
such that each Gi ∈ GI( )X, Y (R).  Assume that K 1 = Im (G0 → G1 ).  Then there exist exact sequences of the form:

0 → M → G0 → K 1 → 0，                   0 → K 1 → G1 → ⋯ → Gn → 0.
Therefore, GI( )X, Y (R)-id (K 1 ) ≤ n - 1.  By the induction hypothesis, there exists an exact sequence 
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0 → G″→ I → K 1 → 0 such that id ( I ) ≤ n - 1, G″ ∈ GI( )X, Y (R).  Consider the following pullback diagram:

                                0             0
                              ↓          ↓
                                G″= == =====

          
G″

                              ↓          ↓
0 ¾®¾¾ M¾ ®¾¾¾¾

              
G¾ ®¾¾

           
I¾ ®¾¾¾¾

             0
                          ↓          ↓  
0 ¾®¾¾ M¾ ®¾¾¾¾

             
G0¾ ®¾¾

           
K 1¾®¾¾ 0

                              ↓          ↓
                                0             0                  .

G ∈ GI( )X, Y (R) by Proposition 3(i).  Obviously, we also have the following exact sequence

0 → G' → I″→ G → 0，
where I″ ∈ I, G' ∈ GI( )X, Y (R).  Consider the following pullback diagram:

              0             0
            ↓          ↓
             G'= == =====

          
G'

            ↓          ↓
0 ¾®¾¾ I'¾ ®¾¾¾¾

            
I″¾ ®¾¾¾¾

             
I¾®¾¾ 0

            ↓          ↓           

0 ¾®¾¾ M¾®¾¾ G¾ ®¾¾¾¾
             

I¾®¾¾ 0
            ↓          ↓
              0             0                                .

From the exactness in the middle row of the above diagram, it follows that id ( I') ≤ n.  Therefore, 

0 → M → G → I → 0 and 0 → G' → I' → M → 0 are obtained. □
Proposition 6 Let 0 → M → G0 → G1 → K → 0 be an exact sequence of complexes.  If 

G0, G1 ∈ GI( )X, Y (R), then there are exact sequences

0 → M → G → I → K → 0，                     0 → M → I' → G' → K → 0，
such that I, I' ∈ I, G, G' ∈ GI( )X, Y (R) .

Proof Since G1 ∈ GI( )X, Y (R), there exists an exact sequence of complexes 0 → G2 → I → G1 → 0, with 

I ∈ I, G2 ∈ GI( )X, Y (R).  Assume that L = Im (G0 → G1 ).  Consider the following pullback diagram:

              0             0
            ↓          ↓
             G2= == =====

          
G2

            ↓          ↓
0 ¾®¾¾ U¾ ®¾¾¾¾

            
I¾ ®¾¾¾¾

              
K¾®¾¾ 0

            ↓          ↓            

0 ¾®¾¾ L¾ ®¾¾¾¾
            

G1¾ ®¾¾¾¾
            

K¾®¾¾ 0
            ↓          ↓
              0             0                                .

and pullback diagram:
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                                0             0
                              ↓          ↓
                                G2= == =====

          
G2

                              ↓          ↓
0 ¾®¾¾ M¾ ®¾¾¾¾

              
G¾ ®¾¾

           
U¾ ®¾¾¾¾

             0
                          ↓          ↓  
0 ¾®¾¾ M¾ ®¾¾¾¾

             
G0¾ ®¾¾

           
L¾ ®¾¾¾¾

             0
                              ↓          ↓
                                0             0                  .

Since G0, G2 ∈ GI( )X, Y (R), it follows from Proposition 3(i) that G ∈ GI( )X, Y (R).  Therefore, the desired exact 

sequence 0 → M → G → I → K → 0 is obtained from the short exact sequence 0 → M → G → U → 0 and 

0 → U → I → K → 0, where I ∈ I, G ∈ GI( )X, Y (R).
Similarly, there exists an exact sequence 0 → M → I' → G' → K → 0 such that I' ∈ I, G' ∈ GI( )X, Y (R). □
Theorem 4 Let M be a complex with finite Gorenstein (X, Y )-injective dimension and n a non-negative in‐

teger.  Then the following conditions are equivalent:
( i) GI( )X，Y (R)-id (M ) ≤ n.

( ii) Ext> n(L,M ) = 0, and all complexes L with finite Y injective dimension.

( iii) Ext> n(Y,M ) = 0, and all complexes Y ∈ Y.

( iv) For every exact sequence of complexes

0 → M → G0 → ⋯ → Gn - 1 → Kn → 0，
where Gi ∈ GI( )X, Y (R) ,I ∈ Y, then also Kn ∈ GI( )X, Y (R).

(v) For every non-negative integer t such that 0 ≤ t ≤ n, there exists an exact sequence of complexes

0 → M → C0 → ⋯ → Ct → ⋯ → Cn → 0，
such that Ct ∈ GI( )X, Y (R), Ci ∈ I ( i ≠ t).

(vi) For every non-negative integer t such that 0 ≤ t ≤ n, there exists an exact sequence of complexes

0 → M → C0 → ⋯ → Ct → ⋯ → Cn → 0，
such that Ct ∈ I, Ci ∈ GI( )X, Y (R) ( i ≠ t).

(vii) For every non-negative integer t such that 1 ≤ t ≤ n, there exists an exact sequence of complexes

0 → M → C0 → ⋯ → Ct → ⋯ → Cn → 0，
such that Ci ∈ GI( )X, Y (R) (0 ≤ i < t), Cj ∈ I ( t ≤ j ≤ n).

(viii) For every non-negative integer t such that 1 ≤ t ≤ n, there exists an exact sequence of complexes

0 → M → C0 → ⋯ → Ct → ⋯ → Cn → 0，
such that Ci ∈ I (0 ≤ i < t), Cj ∈ GI( )X, Y (R) ( t ≤ j ≤ n).

Proof (i) ⇒  (ii) We assume that GI( )X, Y (R)-id (M ) ≤ n.  By definition there is an exact sequence 

0 → M → G0 → ⋯ → Gn - 1 → Gn → 0 where G0,. . . ,Gn are Gorenstein (X, Y )-injective complexes.  By Propo‐

sition 5, we get Ext1(L, Gi ) = 0 for all complexes L with finite Y injective dimension.  By Corollary 5, we have 

Ext j + n(L, M ) ≅ Ext j(L, Gn ) = 0, j ∈ N, and consequently Ext> n(L, M ) = 0.

(ii) ⇒  (iii) Obviously.

(iii) ⇒  (iv) We consider an exact sequence

0 → M → G0 → ⋯ → Gn - 1 → Kn → 0，
where G0,⋯,Gn - 1 are Gorenstein (X, Y )-injective complexes.  Applying Corollary 5 to this sequence, and using 

the assumption, we get that Ext j(Y, Kn ) ≅ Ext j + n(Y, M ) = 0 for every Y ∈ Y, and every j ∈ N.  Since GI( )X, Y (R)-
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id (M ) < +∞, GI( )X, Y (R)-id (Kn ) < +∞.  Then there exists an exact sequence

0 → Kn → H 0 → ⋯ → Hm - 1 → Hm → 0，
where H 0,⋯, Hm are Gorenstein (X, Y )-injective complexes.  Assume that Cj = Ker (Hj → Hj + 1 ), 
j = 0,1,⋯,m - 1.  By Corollary 5, we get Ext1(Y,Cj) ≅ Ext j + 1(Y,Kn ) = 0.  By Proposition 3(iii), we have 

Cj ∈ GI( )X, Y (R).  In particular, Kn = C0 ∈ GI( )X, Y (R).
(iv) ⇒  (i) and (v) ⇒  (i) is obviously.

(i) ⇒  (v) We proceed by induction on n.  Suppose GI( )X, Y (R)-id (M ) ≤ 1.  Then there exists an exact 

sequence 0 → M → G0 → G1 → 0 in C (R) with G0 and G1 Gorenstein (X, Y )-injective.  By Proposition 6 with 

K = 0, we get the exact sequences 0 → M → G → I → 0 and 0 → M → I' → G' → 0 such that 

I, I' ∈ I, G, G' ∈ GI( )X, Y (R).
Now suppose n ≥ 2.  There exists an exact sequence of complexes 0 → M → X 0 → X 1 → ⋯ → Xn → 0 

with Xi ∈ GI( )X, Y (R) for 1 ≤ i ≤ n.  Set K 2 = Ker (X 2 → X 3 ).  By applying Proposition 6 to the exact sequence 

0 → M → X 0 → X 1 → K 2 → 0, we get an exact sequence of complexes 0 → M → I 0 → ~
X 1 → X 2 → ⋯ → Xn → 0 

with I 0 injective and 
~
X 1 Gorenstein (X, Y )-injective.  Set K' = Ker (~X 1 → X 2 ).  Then we have GI( )X, Y (R)-id (K') ≤

n - 1.  By the induction hypothesis, there exists an exact sequence of complexes 0 → M → I 0 → G1 → 

⋯ → Gt → ⋯ → Gn → 0 such that I 0 is injective and Gt is Gorenstein (X, Y )-injective and Gi is injective for 

i ≠ t and 1 ≤ t ≤ n.

Now we need only to prove (v) for t = 0.  Set K 1 = Ker (X 1 → X 2 ).  By the induction hypothesis, we get an 

exact sequence 0 → K 1 → ~
X 1 → I 2 → I 3 → ⋯ → I n → 0 with 

~
X 1 Gorenstein (X, Y )-injective and I i injective 

for any 2 ≤ i ≤ n.  Set K″ = Ker ( I 2 → I 3 ).  Then by applying Proposition 6 to the exact sequence 

0 → M → X 0 → ~
X 1 → K″→ 0, we get an exact sequence of complexes 0 → M → ~

X 0 → I 1 → K″→ 0 with 
~
X 0 

Gorenstein (X, Y )-injective and I 1 injective.  Thus we obtain the desired exact sequence 0 → ~
X 0 → I 1 → 

I 2 → ⋯ → I n → 0.

The proof method similar to (i) ⇔  (v) yields (i) ⇔  (vi), (i) ⇔  (vii), (i) ⇔  (viii). □
Corollary 6 Let M be a complex and GI( )X, Y (R)-id (M ) < +∞.  Then

GI( )X, Y ( )R -id ( )M  = sup{ |i ∈ N    there is a complex L and Y- }id ( )L < +∞ such that Exti( )L, M ≠ 0
                                   = sup{ }|i ∈ N   for Y ∈ Y  such that Exti( )Y, M ≠ 0 .
Proof According to the equivalence of Theorem 4(i)-(iii), it can be proved. □
Proposition 7 If (Mi ) i ∈ I is a family of complexes, then we have an equality

GI( )X， Y (R)-id ( )∏Mi = sup{GI( )X， Y ( )R - }|id (Mi )  i ∈ I .

Proof The inequality “ ≤ ” is clear since GI( )X, Y (R) is closed under product.

For the converse inequality “ ≥ ”, it suffices to show that if M' is any direct summand of a complex M, then 

GI( )X,Y (R)-id ( )M' ≤ GI( )X, Y ( )R -id ( )M .  Assume that GI( )X, Y (R)-id ( )M = n < +∞, and then proceed by induction 

on n.

If n = 0, M ∈ GI( )X, Y (R).  By Proposition 3(ii), M' ∈ GI( )X, Y (R), so GI( )X, Y (R)-id ( )M' = GI( )X, Y ( )R -id ( )M = 0.  

If n > 0, we write M = M'⊕M″ for some complex M″.  Pick exact sequence of complexes 

0 → M' → I' → K' → 0 and 0 → M″→ I″→ K″→ 0, where I' and I″ are injective complexes.  We get a 

commutative diagram with spilt-exact rows,
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              0                    0                  0
            ↓                 ↓                ↓
0 ¾®¾¾ M'¾ ®¾¾¾¾¾¾

                  
M¾ ®¾¾¾¾

               
M″¾ ®¾¾¾¾

             0
            ↓                 ↓                ↓
0 ¾®¾¾ I'¾ ®¾¾¾¾

               
I'⊕I″¾ ®¾¾¾¾

              
I″¾ ®¾¾¾¾

               0
            ↓                 ↓                ↓
0 ¾®¾¾ K'¾ ®¾¾¾¾

             
K'⊕K″¾ ®¾¾

           
K″¾ ®¾¾¾¾

             0
            ↓                 ↓                ↓
              0                    0                  0                   .

Because the middle column is an exact sequence, so we get that GI( )X, Y (R)-id ( )K'⊕K″ = n - 1.  Hence the 

induction hypothesis yields that GI( )X, Y (R)-id ( )K' ≤ GI( )X, Y ( )R -id ( )K'⊕K″ = n - 1, and thus the short exact 

sequence 0 → M' → I' → K' → 0 shows that GI( )X, Y (R)-id ( )M' ≤ n, as desired. □
Lemma 5 Let M be a complex,

0 → M → G0 → ⋯ → Gn - 1 → Kn → 0
and

0 → M → I 0 → ⋯ → I n - 1 → K̂ n → 0
two exact sequences with Gi Gorenstein (X, Y )-injective complexes and I i injective complexes for 0 ≤ i ≤ n - 1.  

Then Kn is Gorenstein (X, Y )-injective if and only if K̂ n is Gorenstein (X, Y )-injective.

Proof There exist homomorphisms, Gi → I i for 0 ≤ i ≤ n - 1, and Kn → K̂ n, such that the following dia‐

gram is commutative:

0 ¾®¾¾ M¾ ®¾¾¾¾
            

G0¾ ®¾¾
           

G1¾ ®¾¾
           ⋯¾ ®¾¾

           
Gn - 1¾ ®¾¾

           
Kn¾ ®¾¾¾¾

             0
           







               ┆┆↓          ┆┆↓                             ┆┆↓               ┆┆↓

0 ¾®¾¾ M¾ ®¾¾¾¾
             

I 0¾ ®¾¾
           

I 1¾ ®¾¾
           ⋯¾ ®¾¾¾¾

             
I n - 1¾ ®¾¾¾¾

            
K̂ n¾ ®¾¾¾¾

             0 .
This diagram gives a chain map between complexes:

0 ¾ ®¾¾¾¾
            

G0¾ ®¾¾
           

G1¾ ®¾¾
           ⋯¾ ®¾¾

           
Gn - 1¾ ®¾¾

           
Kn¾ ®¾¾¾¾

             0
               ↓          ↓                             ↓               ↓
0 ¾ ®¾¾¾¾

             
I 0¾ ®¾¾

           
I 1¾ ®¾¾

           ⋯¾ ®¾¾¾¾
             

I n - 1¾ ®¾¾¾¾
            

K̂ n¾ ®¾¾¾¾
             0 .

Thus, by constructing mapping cones, we obtain an exact sequence of complexes

0 → G0 → I 0⊕G1 → ⋯ → I n - 2⊕Gn - 1 → I n - 1⊕Kn → K̂ n → 0，
where G0 ∈ GI( )X, Y (R), and I i⊕Gi + 1 ∈ GI( )X, Y (R) for i = 0,1,⋯, n - 2.

By Proposition 3, the class of all Gorenstein (X, Y )-injective complexes is injectively resolving, and hence, 

Kn - 1 = Ker ( I n - 1⊕Kn → K̂ n ) ∈ GI( )X, Y (R).  Then there exists an exact sequence of complexes

0 → Kn - 1 → I n - 1⊕Kn → K̂ n → 0，
where Kn ∈ GI( )X, Y (R) if and only if K̂ n ∈ GI( )X, Y (R). □

Corollary 7 Let M be a complex,

0 → M → G0 → ⋯ → Gn - 1 → Kn → 0
and

0 → M → Ĝ0 → ⋯ → Ĝ  n - 1 → K̂ n → 0
two exact sequence of complexes.  If Gi and Ĝi are Gorenstein (X, Y )-injective complexes for 0 ≤ i ≤ n - 1, then 

Kn is Gorenstein (X, Y )-injective if and only if K̂ n is Gorenstein (X, Y )-injective.
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Proof This follows from Lemma 5. □
Below, we will consider a class of Gorenstein (X, Y )-injective complexes, where I ∈ Y.

Theorem 5 Let M be a complex with finite Gorenstein (X, Y )-injective dimension n.  Then M admits an in‐

jective Gorenstein (X, Y )-injective preenvelope, ϕ : M ↣ G, where C = Coker ϕ satisfies id (Coker ϕ) = n - 1.

Proof Pick an exact sequence, 0 → M → I 0 → I 1 → ⋯ → I n - 1 → C → 0, where I i are injectives.  Then 

C is Gorenstein (X, Y )-injective by Lemma 9.  According to the definition of Gorenstein (X, Y )-injective complexes, 

there exists an exact sequence of complexes 0 → K → E-n → E-n + 1 → ⋯ → E-1 → C → 0, where E-n,⋯,E-1 

are injectives, K is Gorenstein (X, Y )-injective, and such that the functor Hom (Y,- ) leaves this sequence exact 

for all Y ∈ Y.

Thus there exist homomorphisms, I i → Ei - n for i = 0,⋯, n - 1, and M → K, such that the following 

diagram is commutative:

0 ¾®¾¾ M¾ ®¾¾¾¾
            

I 0¾ ®¾¾¾¾
               

I 1¾ ®¾¾¾¾
                 ⋯¾ ®¾¾¾¾

            
I n - 1¾ ®¾¾¾¾

             
C¾ ®¾¾¾¾

             0
            ┆┆↓             ┆┆↓             ┆┆↓                                  ┆┆↓            







 

0 ¾®¾¾ K¾ ®¾¾¾¾
             

E-n¾ ®¾¾
           

E-n + 1¾ ®¾¾
           ⋯¾ ®¾¾¾¾

             
E-1¾ ®¾¾¾¾

            
C¾ ®¾¾¾¾

             0 .
This diagram gives a chain map between complexes:

0 ¾®¾¾ M¾ ®¾¾¾¾
            

I 0¾ ®¾¾¾¾
               

I 1¾ ®¾¾¾¾
                 ⋯¾ ®¾¾¾¾

            
I n - 1¾ ®¾¾¾¾

             0
            ┆┆↓             ┆┆↓             ┆┆↓                                  ┆┆↓          
0 ¾®¾¾ K¾ ®¾¾¾¾

             
E-n¾ ®¾¾

           
E-n + 1¾ ®¾¾

           ⋯¾ ®¾¾¾¾
             

E-1¾ ®¾¾¾¾
             0 ，

which induces an isomorphism in homology.  Its mapping cone is exact, and all the complexes in it, except for 

I 0⊕K (which is Gorenstein (X, Y )-injective), are injective.  Hence the cokernel C of ϕ : M ↣ I 0⊕K satisfies 

id (Coker ϕ) = n - 1.

Since C has finite injective dimension, we have Ext≥ 1(C, M') = 0 for any Gorenstein (X, Y )-injective 

complex M', by Proposition 5.  Hence ϕ : M ↣ G is the desired preenvelope of M. □
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关于对偶对的Gorenstein同调复形

关佳瑷，卢博，赵思信

西北民族大学数学与计算学院， 甘肃 兰州 730030

摘要： 设 ( )X，Y 是复形的对偶对 . 引入并研究了Gorenstein ( )X，Y -内射复形 . 对一些特殊的对偶对 ( )X，Y ，建立了

Gorenstein ( )X，Y -内射复形和它的层次模之间的关系 . 最后，得到了复形的Gorenstein ( )X，Y -内射维数的一些等价

刻画 .

关键词： Gorenstein ( )X，Y -内射复形；同调性质；Gorenstein ( )X，Y -内射维数
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